
Annals of Nuclear Energy, Vol. 7, pp. 535 to 539 
Pergamon Press Ltd. 1980. Printed in Great Britain 

O N  M U L T I - M E D I A  C A L C U L A T I O N S  IN T H E  
T H E O R Y  O F  N E U T R O N  D I F F U S I O N  

J. R. MAIORINO* and  C. E. SIEWERT 
Nuclear Engineering Department, North Carolina State University, Raleigh, N.C. 27650, U.S.A. 

(Received 22 October 1979) 

Abstract--The F N method is used to solve the critical problem for a three-region reactor and to 
compute the disadvantage factor required for thermal utilization calculations. Anisotropic scattering is 
allowed and numerical results are given. 

!. I N T R O D U C T I O N  

We consider  first the basic d isadvantage- fac tor  calcu-  
la t ion discussed previously  by, for example ,  Ferz iger  
and  Robinson  (1965), Bond  and  Siewert  (1969), 
Eccleston and  M c C o r m i c k  (1970) and  Lalet in,  
Sul tanov,  Vlasov and  Kon iaev  (1974). If we denote  the 
fuel and  m o d e r a t o r  regions of a basic reac tor  cell by 
1 and 2, respectively, then the re levant  one-speed 
t ranspor t  equat ions  are  

¢3 t,~ 
It ffxx ~b~(x, It) + ~ ( x ,  It) = ½c~ ~] (21 + 1) fL iP t ( i t  ) 

- / = 0  

f x Pl(i t ' )O~(x,  It ')dit ' ,  0 < x < a, ( la)  
- 1  

and  
c3 g~ 

It ~x O2(x, it) + O2(x, it) = ½c2 ~ (21 + l)f~,tPl(i t  ) 
1=0  

/ s 
x P l ( f f )O2(x ,  It ')dit '  + - - ,  a <_ x < b. ( lb)  

1 o-2 

Here we al low general  an iso t ropic  scattering, S 
represents  a cons tan t  source and  we seek the dis- 
advantage  factor 

f[S~2(x, it)ditdx 
a 1 

( = (2) b-afo f , ~kl(x, #) dit  dx  

where ~kl(x,/a) and  ~b2(x, It) satisfy equat ions  (1) subject  
to 

~,(0,  It) = ~b,(O, - i t ) ,  (3a) 

~b2(b, It) = ff2(b, --it), (315) 

~ l ( a ,  I t )  = ~ /2 (a ,  I t )  ( 3 c )  
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and  

t,bt(a, - It) = ~b2(a, - It) (3d) 

for It ~ (0, 1). Since ~bl(X, It) and  

S 
@*(x, It) = ~b2(x, It) (4) ~r,(1 - c2) 

can be expressed in terms of  the e lementary  solut ions 
(Mika,  1961) of equat ions  (1) we can use immedia te ly  
the s ingular  integral  equat ions  and  cons t ra in ts  repor ted  
by  Devaux,  Grand jean ,  Ishiguro and  Siewert (1979) to 
define the angular  fluxes ~(0, It), ¢(a,  It) and  ¢(b,  It). 
We  thus write 

ot I t{E~,(~, i t )  - ~ , ( - ~ , i t ) ] ~ ( o ,  it) 

+ e-"/¢[~bl( - ~, It)~k(a, It) 

- ~bl(~,it)~b(a, - i t ) ] }  dit  = O, (5a) 

f j It( [~1 (~, It)~,b(a, It) - ~b l ( -  ~, #)~k(a, - It)] 

+ e -a /¢ [~b l t -¢ , i t )  - t~b~(~,it)]~b(O,/.O} dit  = O, (5b) 

ot It {[qb2(~, It)@(a, - i t )  - q~2(- ~, It)~,b(a, It)] 

+ e-lb-a)/¢[~b2( _ ~, It) 

- t~2(~,it)]@(b, it)} dit  = S~[1 - e -Ih-a~/~] (6a) 
o" 2 

and 

ot # { [q~2(~, It) - q~2(- ~, It)] ~k(b, It) 

+ e -~O-a) /¢ [~2( -  {,  It)~,(a, -it) 

- ~b2(~,it)d/(a, it)]} dit = S ~[1 - e-~b-°~/cJ. (6b) 
o- 2 
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We note that equations (5) require 

e P~ = {v~,a} w (0, 1) 

and equations (6) require 

~ Pz  = {v2,~} w (0, 1). 

We follow here the basic notation of Devaux et  al. 
(1979) and thus do not repeat all of the required 
definitions. If we now introduce for /z > 0 the 
approximations 

N 

¢(0, U) = ~ a,u ", (7a) 
a = 0  

N 

~/,(a,-U) = ~ e,u ", (7b) 
~ = 0  

N 

~0(a,u) = ~ f~u ~, (7c) 
~t=0 

and 

N 

¢(b,u)  = ~, b,B" (7d) 
~ = 0  

into equations (5) and (6) and consider the resulting 
equations for selected values ~ then our FN results can 
be obtained here by solving the following system of 
4(N + 1) linear algebraic equations: 

N 

{a,[B~l)(¢a)- A~:)(~)] 
~t=0 

+ e - " / ~ [ f ,  Ag)(~t~) - e,B~l)(~)]} = 0, (8a) 

N 

{[f~B~l)(~p) - e,a~l)(~a) ] 
~t=0 

+ e - a G a ~ [ A l l ) ( ~ o )  - Bg)(~)]} = 0, (8b) 

N 

{[e,B~2)(~a) - f~A~2)(~)] 
~ = 0  

+ e -  (~ - ")/¢'b, [A(~ 2 )(~a) - B~2)(~a)] } 

2S  
= - -  [1 - e -(b-")/~"] (9a) 

C20.2 

and 

N 

{b,[B~2)(~) - A(~2)(~t~)] 
~t=O 

+ e -~b - ")/¢"[e, A~2)(~ o) - f ,  BCfl)(~a)] } 

2S 
- [1 e-  ~b-°)/¢P]. (9b) 

C20.2 

The known functions A~i)(~) and B~i)(~) appearing in 
equations (8) and (9) are those reported earlier (Siewert, 

1978). F rom equations (1) we can readily deduce that 

Yof  (1 - cx) 01(x,u) d u d x  
1 

f2 = - ~b(a, U)U du (10a) 
1 

and 

f;f_ (1 - c2) ~b2(x, U) du dx 
1 

Y2 2S (b - a) + ~k(a, U)U du (10b) 
0"2 1 

so that we can express the disadvantage factor as 

_ a ( 1 - c 1 ~  

( b - a \ ~ / ]  

x - i  - - - ( b  - a) 0(a ,u)ud/~ (11) 
0"2 1 

or, if we use the approximations given by equations 
(7b and c) and let 2S(b  - a) = a2,  

a (1 - c 1 " ]  N 1   b-o,l 1}. 
(12) 

As a continuation of a recently reported work 
(Neshat and Maiorino, 1980) on dissimilar media, we 
wish to discuss now the critical problem for a three- 
region reactor. We take x = 0 to be the plane of 
symmetry and consider that the fuel region Ix[ e [0, a] 
has cl > 1. We take Ix[ e [a, b] to be a blanket region 
and thus allow c2 > 1 or c2 < 1. For  the reflector 
Ixl e [b, c] we have c3 < 1. We therefore seek solutions 
of 

U~x x ~,,(x, U) + ~b,(x, U) = ½c~ ~ ( 2 / +  1)f, aP,(u ) 
/ = 0  

/ I  1 

x | Pt(u')$,(x,u')dff,  ~ = 1 ,2and3,  (13) 
- 1  

subject to 

~ , ( - x ,  - U )  = ~,(x,  U), U e ( -  1, 1), (14a) 

$ l ( a ,  -t-B) = $2(a ,  _+p), U e (0, I), (14b) 

~kz(b, +U) = ~ka(b, +U), U e (0, 1), (14c) 

and 

q,3(c, - u )  = 0, u e (0, 1). (14d) 

Here again we can apply the analysis of Devaux et  al. 
(1979) to establish the following basic equations for 
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this symmetr ic  appl icat ion:  

1 

o ~ {4)1( - ~,/~)~O (a, - fl) - 4),(~, U)qJ(a, #) 

+ e -  2a/¢ [4)  t (~, ~)~b (a,  - -  It) - -  4) 1 ( - -  ~, la)~O (a,  #)] } 

x d#  = 0, (15a) 

1 

o # {~z( - '~ ,  u)tk(a, U) - 4)2(~,/t)~b(a, - #) 

+ e -  a~/¢[4)2(~, #)q~(b, - /~)  - 4)2(-  ~, #)~(b, U)]} 

x d,u = 0, (15b) 

1 

o ~ ( ~ ( - ~ , u ) q , ( b ,  - ~ )  - 4),(~, t~)q,(b, t~) 

+ e -  a"/~[4)2(~, #)q~(a, U) - 4)2( - ~,/~)~O(a, - /~)]  } 

× d/a = 0, (15c) 

fo '  ~, #)d/(b, U) - 4)a(¢, U)O( b, - #) ( 4)~( 

- e -  a./~4)3(_ ~, U)~O(c, #)} d/~ = 0 (15d) 

and 

fo ' ~ ( -- 4)3(~, P) ~)~(c, 

+ e -  a"~¢[4)a(~, #)q~(b, U) - 4)~( - ~, U)q~( b, - #)] } 

× d/~ = 0, (15e) 

where A~ = b - a and A, = c - b. We  note  that  for 
equat ion  (15a) ~ P ~ ,  for equat ions  (15b and c) 

~ P2 and for equat ions  (15d and e) ~ ~ P3. If we now 
substi tute the approximat ions ,  for/~ > 0, 

N 

¢(a ,  U) = ~ a,/a', (16a) 
2 = 0  

N 

O ( a , - # )  = Y', b,/~', (16b) 
a = O  

and 

N 

¢ ( b , p )  = ~ d~u ~, (16c) 
r t = 0  

N 

~O(b , -g )  = ~ e,/Z (16d) 
~ = 0  

N 

~ = 0  

into equat ions  (15) we find the F N equat ions  for this 
p roblem:  

N 

~t=0 

+ e-2"/¢P[a~A(l)(~) -- b,B(~I)(~B)]} = 0, (17a) 

N 

~ = 0  

+ e-ab/¢a[e~B(,2)(~a) - d~A(~2)(~¢)]} = 0, (17b) 

N 

e = 0  

+ e-a~l~[a,B~2)(~o) - b,A~-2)(~)]} = 0, (17c) 

N 

e = O  

- e-a'/¢Pf~A(~3)(~a)} = 0 (17d) 

and 

N 

2 = 0  

+ e-a"/~"[d,B~a)(~t~)- e,A~a)(~p)]} = 0. (17e) 

If we set ao = 1, then we can solve equat ions  (17) 
i teratively to find the critical half thickness a, as dis- 
cussed previously (Grandjean and Siewert, 1979; 
Neshat  and Maior ino ,  1980). 

Table 1. Basic data 

Case a b-a 3f2. l 5f2.2 7f2,3 9f2.4 

1 0.1434 1.631 0 0 0 0 
2 0.1434 1.631 2 0 0 0 
3 0.1434 1.631 2 1.25 0 0 
4 0.1434 1.631 2 1.25 0 -0.375 
5 0.1434 1.631 0.97088 0 0 0 
6 0.1434 1.631 0.97088 0.24428 0 0 
7 0.2868 3.262 0 0 0 0 
8 0.2868 3.262 2 0 0 0 
9 0.2868 3.262 2 1.25 0 0 

10 0.2868 3.262 2 1.25 0 -0.375 
11 0.2868 3.262 0.97088 0 0 0 
12 0.2868 3.262 0.97088 0.24428 0 0 
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Table 2. Disadvantage factor 

Case  F 1 F 3 F 5 F7 'Exact' L - S - V - K  

1 1.235 1.2305 1.2317 1.2318 1.2317 1.2314 
2 1.166 1.1622 1.1633 1.1635 1.1634 1.1630 
3 1.172 1.1672 1.1683 1,1684 1.1683 1.1679 
4 1.172 1.1671 1.1681 1,1683 1.1682 1.1678 
5 1.201 1.1974 1.1985 1,1987 1.1986 1.1982 
6 1.202 1.1983 1.1994 1.1995 1.1995 1.1991 
7 1.621 1.6286 1.6286 1,6284 1.6284 1.6284 
8 1.353 1.3601 1.3600 1.3599 1.3599 1.3599 
9 1.363 1.3685 1.3684 1.3683 1.3683 1.3682 

10 1.363 1.3684 1.3683 1.3682 1.3682 1.3682 
11 1.492 1.4990 1.4990 1.4988 1.4988 1.4989 
12 1.493 1.5004 1.5003 1.5002 1.5002 1.5002 

1I. N U M E R I C A L  R E S U L T S  

In order  to have a simple scheme for selecting the 
po in t s  ~ to be used in equa t ions  (8) we use, as sug- 
gested by P o m r a n i n g  (1979), 

~01)=v i , a ,  fl = 0 , 1 , 2  . . . .  ~ 1 - 1 ,  

j+K, - ,  = (2j - 1)/[2(N - K 1 -{- 1)], 

j =  1,2 . . . .  ( N - x 1  + 1), 

M c C o r m i c k  (1970) are in er ror  for cases 3, 4, 6, 9, 10 
and  12. 

Fo r  the critical calculat ion we use the same scheme 
for choos ing  the po in t s  ~a at which to solve equa-  

t ions (17). F o r  repor t ing  purposes  we cons ider  only 
isotropic  scattering,  and  thus  we list in Table  3 the 
cases studied.  In Table  4 we list our  Fn  results  and 
wha t  we conc lude  to be 'exact '  to within _+I in the 

last significant figure. We  note  that  our  results  for 

where  N is the order  of  the approx imat ion .  We choose  Table 3. Cases studied 

the poin ts  ~:1 to be used in equa t ions  (9) in a similar 
manner .  We  cons ider  that  Case cl c2 c3 Ab A, 

cl = 0.55370, c2 = 0.99163, 1 1.3 0.95 0.9 1 oo 
2 1.3 0.95 0.9 2 ov 

f l , t  = 6o.1, f2,o = 1, f2,t = 0, l > 4, 3 1.3 1.1 0.9 1 a¢ 
4 1.3 1.1 0.9 0.5 ov 

and  the addi t iona l  basic da ta  given in Table  1 are 5 1.3 0.95 0.9 1 3 
6 1.3 0.95 0.9 2 3 

exact,  and  in Table  2 we list the d i sadvantage  factor  7 1.3 1.1 0.9 1 3 
c o m p u t e d  by var ious  orders  of  the FN approx imat ion .  8 1.3 1.1 0.9 0.5 3 
We  also list under  L - S - V - K  the results  of  Lalet in et al. 9 1.3 0.95 0.9 I 1 
(1974). We  believe the results  we list as 'exact '  are 10 1.3 0.95 0.9 2 1 
accurate  to +1  in the last significant figure. It is 11 1.3 1.1 0.9 1 1 

- -  12 1.3 1.1 0.9 0.5 1 
apparen t  that  the calculat ions of  Eccles ton and  

Table 4. Critical half thickness 

Case F o F 3 F5 F 7 'Exact' 

1 0.410 0.40731 0.40733 0.40734 ~40734 
2 0.380 0.38029 0.38031 0.38032 0.38032 
3 0.112 0.10629 0.10626 0.10625 0.10625 
4 0.278 0.27109 0.27114 0.27114 0.27114 
5 0.420 0.41296 0.41299 ~41299 0.41299 
6 0.385 0.38278 0.38281 0.38282 0.38282 
7 0.129 0.11612 0.11609 0.11607 0.11607 
8 0.298 0.28203 0.28207 ~28207 0.28207 
9 0.483 0.45542 ~45544 0.45545 ff45545 

10 0.412 0.40091 ~40094 0.40095 0.40095 
11 0.233 0.19024 0.19018 0.19018 0.19018 
12 0.423 0.36781 0.36783 0.36783 0.36783 
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cases 1--4 agree with the FN calculations of Ishiguro 
and Fernandes (1979) and that Lawrence (1979), using 
an alternative calculational procedure, has obtained 
for cases 5-12 results in perfect agreement with our 
'exact' values. 
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