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Case’s method of singular normal modes is used to obtain an exact solution
to the equations of radiative transfer in the ‘“‘uniform’ or “random” picket
fence model assuming Local Thermodynamic Equilibrium. Completeness and
orthogonality theorems are proved, and explicit results are obtained for the
extrapolated endpoint, the temperature distribution, and law of darkening
for the Milne problem. In addition, the method for solving other half-space
problems is sketched. The case when the determinant of the ‘““transfer matrix”’
does not vanish (corresponding to radiative transfer without Complete Local
Thermodynamic Equilibrium or the neutron transport problem) is also dis-
cussed. Full range completeness and orthogonality theorems are presented
for this case; however, no convenient form for the half-range case has been
found.

1. INTRODUCTION

In this paper we present a solution of the equation of radiative transfer in the
picket fence model (Z). In this model, the absorption coefficient for the radiation
is assumed to be representable as a set of two different constant values over the
frequency spectrum.! This represents to some approximation absorption by reso-
nance lines. In Section II we show how in this approximation, under the assump-
tion of Local Thermodynamic Equilibrium (2), the equation of radiative transfer
reduces to a set of two coupled transport equations similar to the two-group
neutron transport equations considered by Zelazny and Kuszell (3).2 The radia-

* Based on a Ph.D. thesis submitted by one of the Authors (C.E.S.) to the University of
Michigan.

1 United States Atomic Energy Commission Pre-doctoral fellow in absentia from the
Department of Nuclear Engineering, the University of Michigan. Present address, Depart-
ment of Nuclear Engineering, North Carolina State University, Raleigh, North Carolina.

1 On Sabbatical leave, academic year, 1964-1965, from the Department of Nuclear Engi-
neering, the University of Michigan.

! The generalization to N different values of the absorption coefficient is discussed in a
forthcoming paper.

2 These authors used a highly inconvenient form of the (degenerate) eigensolutions. A

61



62 SIEWERT AND ZWEIFEL

tive case, however, is simpler because the “transfer matrix’’ takes a particularly
simple (degenerate) form and has a vanishing determinant. Our method of solu-
tion is given in some detail, because it will serve as a guide to the more general
case mentioned in footnote 1.

The method we use is similar to that of ref. 3, i.e., Case’s method of singular
eigensolutions (4-7).

A number of solutions to the picket fence model exist. Chandrasekhar, in ref.
1, solves the equations using the Eddington approximation. Actually, his model
is somewhat more general than ours in that he also considers scattering. Ours,
in fact, corresponds to his case e = 1. The case ¢ # 1 involves a transfer matrix
whose determinant does not vanish; this case is discussed in Section VII. Various
other approximate and numerical solutions have been developed and have been
summarized by Gingerich (9) who considers numerical solutions. We will not
attempt to review any of this work, except to note that numerical solutions are
extremely difficult. Stewart (10) has obtained an exact solution; he used a Wick-
Chandrasekhar discrete ordinates procedure (1) and took the limit as the num-
ber of ordinates approached infinity. However, we believe our method to be
simpler and, in addition, posesses the merit that it can be readily generalized
in the manner already mentioned.

There have also been a number of recent papers which consider the solution
of the radiative transfer equations for various models in the nongray case, but
these are not, strictly speaking, picket fence models. See, for example, refs. 12-16

As we have stated, Section IT is devoted to a brief derivation of the picket
fence equations. Thus, in Section IIT we begin the solution by introducing
normal modes. In Section IV a completeness proof is sketched and orthogonality
relations are deduced in Section V. In Section VI explicit solutions for the extrap-
olated endpoint, the temperature distribution, and the law of darkening are
developed for the Milne problem (17). Actually, we show how to solve any of the
standard half-range problems, e.g., the Green’s function and the albedo problem
(the slab albedo problem can be solved by extending the method of McCormick
and Mendelson (18)), but the Milne problem is of primary interest here.? In
Section VII we make a few remarks about the problem in which the transfer
matrix is completely arbitrary (this case is of considerable interest in neutron
physics and also corresponds to Chandrasekhar’s ¢ # 1 (1)), but we have been
able to obtain explicit solutions only for full-space problems. More work is needed
on the half-space solutions.

similar inconvenient form has been used by Ferziger and Leonard (8) who consider a related

problem.
3 The solution of the half-space Green’s function requires a special technique. This is

discussed in Appendix B.
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Our notation is that of neutron physics because Case’s paper (4), which we
draw so heavily upon, uses this notation.4

Although the physical model considered here is idealized, the exact solutions
obtained can be used to test numerical methods which may then be applied to
more realistic physical situations.

II. THE EQUATIONS IN THE PICKET FENCE MODEL?®

The equation of radiative transfer under the assumption of local thermody-
namic equilibrium can be written in the form

";j (5 1) + p(2)K, (2, u) = p(2)K, B,(T(2)). (1)

i

This equation can be deduced from ref. 11 with the aid of footnote 4. Briefly,
2my, (2, u) dz dv du represents the radiant energy contained in position dz at z, in
solid angle dQ = 2r dp at Q with frequency between » and » + dv. It is the
analogue of the angular density in neutron transport. K, is the absorption co-
efficient for radiation of frequency », p(z) is density of the medium, and T(z)
is the local temperature. In this equation B,(T(z)) is the Planck black body
function: . X

B,(T(z)) = g%l; (exp ]%157) — 1> ) (2)
To solve Eq. (1), a subsidiary condition is needed. This is the Schwarzschild
condition, which states local energy conservation, thus

fow dvK, B(T(z)) = %fow WK, f_i (2, 1) dp. (3)

Equations (1) and (3) are two equations for the two unknowns ¢,(z, u) and
T(z). Obviously they are nonlinear. However, if the absorption coefficient
takes a certain form the problem becomes much simpler. The so-called gray
case refers to K, = constant. ¥or this situation Eq. (1) reduces to the form

w2 ) v = 2 [ ued) a @)
ax y ? 2 Ly ) ?
where z is the optical thickness and y(x, u) is the integrated energy density,
Le.,

v & [ pinw i (5)

4 In order to compare our equations with those used in Astrophysics (e.g. ref 2) one must
change u to —u, ¢, to I, .

5 The derivation of the picket fence equations are given in a number of places, e.g. ref. I.
A brief sketch is presented here for the sake of completeness.
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Equation (4) is precisely the equation considered by Case (4), and refers to
the gray atmosphere in L.T.E. or to the case of pure isotropic scattering. We
say no more about it.

In the picket fence model we have two constant values K, and K, . Let Ay;
represent the frequency region over which K, has the value K,, and integrate
Egs. (1) and (3) obtaining

b %Z—i (2, 1) + p(2)Kii(2, u)

6
2K 5 g [y, =12 o
2 Z K; wJ
=1
Here ¢;(2, 1) is defined by
w2 [ wiew (7)
and w; is given by '
w; & UT4( ) f dvB,(T(2)), (8)

where ¢ is the Stefan-Boltzman constant. To obtain Eq. (6) the Schwarzschild
condition has been used. In the present model it takes the form

ZK "T(z) > f%(zm)du 9)

We note that in general the w, are functions of z. In order to solve the trans-
port equation, Eq. (6), we shall have to assume the w; are constant. This im-
plies either the uniform picket fence model (cf. ref. 9) or a “random’ model
(10). In the uniform model, it is assumed that the frequency spectrum can be
divided into ranges, Av;, so small that B,(T(2)) may be considered constant in
each range. In each range it is assumed that the fractional frequency width
covered by each k; is constant. From these two assumptions, one readily verifies
from Eq. (8) that the w; are independent of z. In the random model, one as-
sumes that there are so many lines of random width randomly distributed
throughout the spectrum that the distribution may be considered uniform on
the average. Chandrasekhar, in ref. I, implicitly assumed one of these two
models.

Equation (6) can be put in more convenient notation. Let K, be the smaller
of the K;. Then define an optical variable z in terms of K, i.e.

22 K, fz o) d7. (10)
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TFurther denote K/ K, by o:(6s = 1). Equation (6) can thus be written in form
1
u% (2, u) + SW(r,u) =C f_l w(x,u) d'. (11)

Here w(x, u) is a 2-component vector with elements y;(x, u) while £ and C
are the following matrices:

()i = 01645 (12a)
- g; W; aj
(C)ij = ————. (12b)
2 Z o Wwj
=1

C is the transfer matrix; we note that det C = 0.
We turn now to the solution of Eq. (11).
III. EIGENVALUES AND EIGENSOLUTIONS

We proceed as Case did (4) by noting the translational invariance of Eq. (11).
This suggests that the eigensolutions should transform according to the irre-
ducible representations of the translation group. We first try the one-dimen-
sional representation e ", i.e., we assume a solution to Eq. (11) of the form

W(z, p) = ¢ "F(n, u). (13)

When this ansatz is substituted into Eq. (11), we obtain an eigenequation for
F(%, 1), where 7 is the eigenvalue:

1fovng —u 0 ) fl P
Z F = .
Home 2 ) paw = ¢ [ Bou an (10

The eigenvalue spectrum of Eq. (14) must be considered as three separate
regions. There are two continuum regions and a discrete spectrum. Consider
then the first of the continuous spectra.

Region 1: 4 € [—1/a1, 1/a1].
Here we write

—J§?+mm»@n~m 0

F(l)(n: “) ="~ nP
T Mz(m)(n — p) (15)

1
-C f FO(y, u) dy.
—1

0

The symbol P indicates that the Cauchy principal value is to be taken when
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integrals over these function are performed. The functions Ai:(n) are chosen
such that Eq. (15) is satisfied. Since Eq. (15) is homogeneous the normaliza-
tion is arbitrary. We select

f_i FO(nu) d = (Z:EZ;) (16)

where, as yet, the a:(n) are unspecified functions of 5. Integrating Eq. (15) we

find
lh(fl) _ 277T(<T1 77) + >\11(?7) 0 GI(ﬂ))
<@MQ"( 0 %T@>+xmm)c<@u>’ a7

where we have used the abbreviation T(z) for tanh™ z
Equation (17) is really two equations for the four unknowns, A;;(%) and
a:(n). Thus we note that the eigensolutions in this region are twofold degenerate.
(At this point we deviate from the treatment of ref, 3 in which the eigensolution
was left arbitrary. We explicitly take the degeneracy into account.) Clearly
the two linearly independent choices for F® (5, u) correspond to a;() = 1,
as(n) = 0,and a;(n) = 0, ax(n) = 1. Therefore for region 1 we can write (solv-
ing for \.(n) and multiplying out Eq. (15)),
P
jg%_ + 8(arn — u)(1 — 2qen T(o1n))
F{'(n,u) ={ 77 (18a)
(23] "7P
e + 8(n — p) (—2nen T(n))
and
C12 T]P
p— + 8(orn — w){(—2ncw T(o1 1))
FOOm) =77 . (18b)
Coo 77P
+ 8(n — w) (1 — 2nen T(n))

We now consider the second continuum.

Region 2. n € [—1, —1/0y) and [1/ey, 1]

Solving Eq. (14) for region 2, the factor o1y — u, we note, is not singular.
Thus only one coefficient, A»(7), enters; and there is no degeneracy.

We easily find
Ci2 1M
FP(n,0) = T . (19)

P
Ca b i + 5("7 - ﬂ)(l — 29en T (—1— — 2nc T(’?)
n — a1 n
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Finally we have the discrete spectrum.

Region 3. 7 & [—1, 1]
Solving Eq. (14) for F(», p) and integrating over u we find the dispersion
relation,

Qz) = 1 — 2zenT(1/oe) — 2z2eT(1/2). (20)

That is, the discrete eigenvalues are the zeros of Q(z). It can be shown readily
that Q(z) has only two zeros, 70 = = . Thus, we find that the discrete eigen-
solutions are also twofold degenerate. In this case, however, unlike the degen-
eracy of region 1, we ean no longer use the one-dimensional representation of
the translation group, Eq. (13). Since we are dealing with twofold degeneracy,
the two dimensional representation is appropriate. It can be generated by the
basis set (7)

Va(g,m) = ¢ —1 (21)

Yolz, 9) = z¢ " — 2 (22)

where the arrows indicate the limit for 5y — <. The appropriate linear combi-
nations which satisfy Eq. (11) we find to be

i = () £ @ (23)
and
_ (wlx — p/a1)
(o = (M5 7). (24)

Instead of the continuum eigenfunctions, F@ (5, p) which we have just cal-
culated, Egs. (18) and (19), it is more convenient to use certain linear combi-
nations. The use of these linear combinations simplifies both the completeness
proof, (Sec. IV) and the calculation of the normalization integrals (Sec. V). We
define therefore

1 1 .
®i(n,u) = ” Fi'(n, ) — - Mgy ) (25a)
1

- 5(0’1 n - M)

ol (25b)
——8(np — u)
Ci12 /

®" (n, 1) = F$(n, ) (25¢)

and
o (n, 1) = F(n, p) (25d)
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We note that, if we wished, we could consider that we have only two con-
tinuum eigensolutions, namely, @,(5, u) and

@, 1) 2 ®P(n, 1) Os(n) + P (n, 1) Ouln). (26)

Here
©.(n) =1, € region ¢

_ (27)
= 0, otherwise.

Having determined the eigenvalue spectrum and the corresponding eigen-
solutions, we consider next the completeness theorem.
IV. COMPLETENESS

TurorEM 1. The functions ®y(n, u), ®5”(q, u), n € [0, 1], and ®, form a
complete set for functions defined on the “half-range” 0 < p = 1, in the sense that
an arbitrary function, W (u), defined for 0 £ p < 1 can be expanded in the form

W) = As @i+ [ el @aln,w) dn + [ anln)@0n,u) dy
O] ©] (28)
1.

IIA

+ L), ()@ (n,u) dy, 0= u

Here the ranges of integration 1 and 2" refer to those portions of regions 1 and 2
for which n = 0.

This is the half-range completeness theorem.® Before proving this theorems,
we should make two comments. First, the expansion coefficients oz(9) and
ax(n) are taken to be scalars (i.e., multiples of the unit matrix). This is im-
portant because we wish to construct solutions to the transport equation (Eq.
(11)) from the eigensolutions ¥ (%, x, u). In order that these combinations be
solutions, it is necessary, in general, that the coefficients commute with the
Boltzmann operator B,

A 0
B,
“6:5

1
E+x-C f - dy!
—1
(where E is the unit matrix). This will be true only if the expansion coefficients
are scalars.

The second comment has to do with the arbitrariness of the expansion func-
tion W (u). Actually, the solution of Eq. (28) incorporates results which are
valid only if ¥ (u) obeys a Holder condition on the interval [0, 1] (19). How-

8 A full-range completeness theorem can also be proved but the restriction det C = 0

is not necessary, cf. Section VII. Also, there is an analogous theorem for the other half-
range (—1 < p < 0).



EQUATIONS OF RADIATIVE TRANSFER 69

ever, we shall wish to apply the method when ¥ (x) is a distribution. A distribu-
tion is a weak limit of a sequence of Holder functions; this implies that any
results obtained when W'(u) is a distribution are to be interpreted in the weak
topological sense, which is appropriate for transport theory. This peint is dis-
cussed in more detail in ref. 7.

We turn now to the proof of Theorem I. Equation (28) can be considered a
singular integral equation for the expansion coefficients. To prove the theorem,
it is sufficient to prove that a solution exists. This, in turn is done by solving
the equation using the methods of ref. 19. This yields expressions for the expan-
sion coefficients; however, they are more conveniently obtained from the ortho-
gonality relations developed in Section V.,

We begin by attempting an expansion in terms of the continuum modes
alone, i.e.,

w(y) = flax(n)d)l(n,n) dn + f,aa(n)@n(n,#) dn
® ® (29)
+ f , a(n) @ (9, w) dn.
®

Putting in the explicit forms of the eigensolutions, we obtain the two equations

‘#1(#) = C;La'l al(ﬂ/a'l) + ¢ f ) ag(n) {(#P_};
© 1 (30a)
+ 6(o1n — w) (=297 (ay 11))} dn + cnf as(n) {_’7__} dn,
® o — i
and
b = =22 00 + [ atn) { 2P
—
+ 8(n — w) (1 — 2nex T(n))} dn + f as(n ){‘322 nPM (30b)

) 1 .
+ 8(n — #)(1 — e T <¢;_TI> — 2ney T(n)} dn.
Here ¢1(u) and y.(p) are the two components of W (u). Making the change of
variable g — ¢ g, solving for a;(x) from Eq. (30a) and substituting into Eq.
(30b) we obtain

o1 tn

Yolu) + ¢1(01u) 1w) = w(p)a(p)

" (31)
+ [022 + cu ®1(M)]Pf0 ZLZ'T‘”)Z dn,
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where we have defined

w(p) = 1 — 2ucy T(u) — 2pen T(oyp)O1(p) — 2ucn T <$> Oa(p). (32)
Taking the boundary values on the branch cut of the dispersion function,
Eq. (20), we see that
@ (w) = 1 — Z2uenT(ow) — 2penT(p) £ min(en + o) (33a)
and
Q) = 1 — 2uenT(1/ow) — 2uceeT(u) =+ wiuce . (33b)

Here the subscripts on ©*(u) refer to the region in which the boundary value is
evaluated. Thus, we find

w(u) = 23+ (u) + @ (0} (34a)
and
o+ O () = o (27 — 07 (W), (34b)
T

Proceeding in standard fashion (19, 4), we introduce the auxiliary function
N (2) defined by

1
2rt b o — 2
with boundary values

P 1 d 1
N*(p) = 5 alm)ndn = pas(p). (36)
o N — p 2
From Eq. (35), N(z) should be analytic in the cut plane and vanish as 1/z for
large z. Substituting Eqs. (34) and (36) into Eq. (31) we find

Vo) + or 2 (o1 w)O1(i) = @ (N (w) — T (WIN(w). (37)

C12

The solution to Eq. (37) is well known. It is expressed in terms of a function
X (z) which has the properties

X _ ')
X—(w) (W’
but with X*(z) = X (u) for p < 0. That is, X(z) is analytic in the complex

plane cut, on the real line, from 0 to 1. X(z) must also obey other restrictions
as discussed in ref. 4. The appropriate X function for this case is

1
exp (%r fo arg Q" (n) OE‘_‘ z) . (39)

"

0 (38)

1%

X(2) =11
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The solution to Eq. (37) is then

NG = gk [ 10 {ht) + 0 Bt o) % o)
QWiX(z)07” pAY 16121111 IV b — 2
where
A X(u)
= . 41
v(p) = u T (41)
We see from Eq. (40) that N(z) does not vanish at infinity as 1/z unless
1
fo v(p) {lﬁ‘z(#) + o zi* Yo #>®1(M)} dp = 0. (42)

In general, this condition will not be satisfied. However, we recall that we
are actually expanding not W'(u) but ¥ (u) — A,®, (comparing Eqs. (28)
and (29)). Replacing the ¢.(u) in Eq. (42) by ¢:(p) — A w;, we see that
Eq. (42) will be satisfied if A is defined by

o= [ @ Wew di /[ &Wees du (43)
where
_ 017(#/01) 0 >
and

@ = G) ) (45)

The coefficients are now determined. A 4 is given by Eq. (43) while the continuum
coefficients may be determined from N(z), Eq. (40), using Eq. (36) to find
a2(q) and then obtaining «;(9) from Eq. (30a). In principle the expansion coeffi-
clients could be found in this manner. However, the orthogonality relations de-
rived in the next section provide a more convenient method. The existence of
such relations is already strongly suggested by the form of Eq. (43), particularly
because one verifies immediately that @,  is a solution of the “adjoint” equa-
tion, i.e., Eq. (14) with C replaced by € corresponding to eigenvalue 7o = =+ .
In this case the scalar product must be defined including a “weight function,”

W(k).
V. ORTHOGONALITY AND NORMALIZATION

TrEOREM I1. The functions ®,(n, p), ®5" (n, ), and @, are orthogonal to the
corresponding solutions of the adjoint equation on the range 0, 1] with weight func-

tion W(u). That s,
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f., S, WS, w) du = 0, 7 ~7. (46)

We shall prove this theorem using the original continuum eigensolutions, F (n, u)
rather than the ®(», &). This is clearly immaterial to the proof but the choice
is made for convenience.

We rewrite Eq. (14) and the adjoint equation below in symbolic form:

(E — 9[ : du') Fln,u) = - Fn, u) (47a)

[ B n

(E B 9[ ' d“,) F(r,u) = 5 F (). (47b)
pooB 4 U

(The superseript tilde means transpose.) It is easily verified that Egs. (47)
have identical eigenvalue spectra. Furthermore we see that

F'(7, 4, C) = F(n, 4, C), (48)

i.e., the adjoint functions are obtained from F(y, p) by interchanging in the
latter ¢;; and ¢;; .7 The discrete adjoint function is simply

o' = G) ) (49)

To prove the theorem, multiply Eq. (47a) from the left by F (o', m)Wi(w).
Then multiply the transpose of Eq. (47b) from the right with W(u)F(n, u).
Integrate both equations over du from 0 to 1 and subtract. The terms involving
¥ are identical since £ and W(u) commute, and so we obtain

fd—”FT(n',u)W(n)C_[ F(n,u') du’
b -
— [ ¥ aie [ B W, u) de (50)
-1 (2

= (l, - l)f B (o', W) W(w)F(n, 1) dp.
n/ Jo

Yl

Thus, to prove Theorem II it is necessary to show that the left hand side of Eq.
(50) vanishes if 7 # 7. Denote

[ R, i) i 2 A(n) (51a)

and

7 In making this replacement ¢;;<= ¢;; one must be careful not to express the components
of the = matrix in terms of the ¢;; until after the replacement has been made.



EQUATIONS OF RADIATIVE TRANSFER 73

1
[ ®,) a2 A, (51b)
—1

(With the proviso of footnote 7 the elements al(n) of A'(n) are obtained from
the elements a;(n) of A(n) under the transformation ¢;; — ¢;;). Furthermore,
let

ldu A .
fo IW(M)F(n, u) = B(n) (52a)
and
1d,u, ‘T é Tt 7 -
[ EWWF (7,0 £ B, (52b)
0

In this notation the left hand side of Eq. (50) becomes
LHS. = B'(n')CA(y) — &'(#)CB(n), (53)
or in summation form we have

LHS. = Zb;(n/)cijaj(n) - ;af(n')cijbf(n), (54)

where bi(n) (b (1)) are the elements of B(5)(B'(1')). Now from the defini-
tion of ¢;; , Eq. (12b), we note

€25 Cin
Ci; = -

Cag

When this expression is substituted into Eq. (54), the sums separate:

en(LHS.) = Zb,—f(n')cﬂ chja,-(n) — Z(liT(n,)CﬁZ cabi(m).  (36)

Now we divide Eq. (56) by X exja;(n) 2. al(n e and call en(LHS.) di-
7 7
vided by this product J. Thus we have
Z bif(.ﬂl)cm Z ¢2 bi(n)
_ % 3 .
Z ag(ﬂ')Crz Z Csj a;{7)
i Fi
The two terms on the right hand side of Eq. (57) are related by »' & » and ¢,
& ¢y . A suffcient condition for the theorem to be true (J = 0) is that one of
these terms, the second for example, be a constant independent of n and of the

¢;; - We shall show that this is indeed true. We denote the second term of Eq.
(57) by Js . Substituting for b;(n) (Eq. (52)) we obtain

J (57)

Zc.fd_“a. (u/ai)fi( )
J:’:j 210 " iY\§/o; 1771“’. (58)

Z Coj aj('ﬂ)
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Here f;(n, u) are the components of any of the F(#, ) and can be written in the
form (cf. Eq. (14))

Ji(n,u) = {01 :Ii ot 8(ajm — M)M(n)} ; Cis Lﬁ(n, W) dd'y (59a)
or
Jiln, u) = { - LA 8(ojm — ﬂ)hj(n)} 2 ciailn). (59b)
gin — M i=1

(This equation holds for all continuum modes as well as the discrete mode, al-

though in various regions the delta function may vanish and the symbol P may

be superfluous. This makes no difference to the general form of f;(#, u). The func-

tion \;(7), of course, must be chosen so that Eq. (59a) is consistent.). If Eq.

(59b) is substituted into Eq. (58), and if we replace the product ¢;,c;; by the

equivalent ¢;;¢,; , the factor Z cz;0(n) cancels out of numerator and denomina-
7

tor, and we find
1
d P
Jo= 2 Cn‘f iy (ﬁ){ T+ \(n)é(ain — u)}. (60)
F (I o; ain — M
The integration over the delta function can be carried out, and we can write
1/oj 1 P
si= Tt " Loy [l - P baw. o
7 n i 0 “ v =

The integrals in Eq. (61) can be carried out with the help of Identity I given in
Appendix A.
We find

JQ:#ZCH)V(TI)"‘I ——Li(ﬂ);M, (62)

{w(9) was defined in Eq. (32); we have also noted that X(0) = 1). We should
clarify the meaning of Eq. (62). First, we note that «(9) is a different function
in the two continuum regions and in the ‘“discrete region.” Similarly, A;(n)
takes a different value for each of the three continuum F (%, u) and for the dis-
crete mode. That J, = constant must be verified for each of the four possibilities
in order that the theorem be proved. For example, by comparing Eqs. (59) and
{18a), and recalling that (18a) was obtained with the normalization

A = () (63)

we see that for the mode Ff”(n, R
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M(n) = i (1 — 2neu T(orn)) (64)
and
Neln) = é(—zncn T(n)). (65)

Also, for »€ region 1 (cf. Eq. (32))

wi(n) =1 — 29enT(o1m) — 2neT (). (66)
Inserting these values into Eq. (62), we find

In the same way, we verify that J, = 1 when the eigensolutions FY(n, ) and
F® (5, u) are used (in the latter case, of course,

1
wn) =1 —29cu T <——> — 2nces T(n) (68)
aLn

must be used in Eq. (62)). For the discrete mode, A = 0. But Q" (n) = @ (mo)
= Q(n) = 0, by definition, and we see immediately that J, = 1. Thus we obtain

Jo=1 (69)
and the theorem is proved, i.e.,
11\ [ty
== ) [ 6 W e, d = 0. (70)

Our method of proving Theorem II has several advantages. We mention two:

1. If the form of W(x) had not already been suggested, a similar procedure to
the above could be used to find W(g).

2. The method can be generalized to the N-group problem, in which the
above procedure serves as a guide.

For the normalization integrals, we return to the ®(#, p) rather than the F(x,
r), since we will expand in terms of the ®(», u).

The degenerate eigensolutions can be orthogonalized using a Schmidt type
procedure. First we present the normalization integrals. Defining

(£,6) & [ B, 0WwG(nu) (71)

we have
(®;,®) =N, (72a)
(@, ®) = Ni(n)i(n — 1) (72b)
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(@, @) = N (n)é(n — 1) (72¢)
(@, @) = NP (n)s(n — 7') (72d)
(@1, @) = Mu(n)s(n — 1) (72e)
(@, @) = Mu(n)d(n — ). (72f)
Here
Nt = 200, w1 + wy) (73a)
Nan) = y(p) 2212 (73b)
C11 Co2
NP () = vy xnenlen + c) + (1 — 2nep T(n))? (730)
+ dncn e T (o1 1)}
NP (n) = y()%* ()% () (73d)
Mii(n) = ;LCQ; Y(m) {1 — 2nce T(n) + 2nc22 T(o1m)}. (73e)
Explicitly, we write (ef. Egs. (33))
91+("I)91—(77) = (1 = 29cqT(o1n) — 271022T(’7))2 + 7r2"72(011 + 022>2 (74a)
and
Q)% (1) = (1 — 2neaT(1/o1n) — 2nenT ()" + n'n'cea . (74b)

Since ®; and (D(l) are not orthogonal for = 7', we introduce two new func-

tions xi” and x5” defined such that x{* is orthogonal to @5 and xs" is orthog-
onal to ®; (clearly both x{ are orthogonal to ®{). Therefore
xi" (n, p = % INS () ®1(n, u) — Maa(n) @5 (n, )} (75a)
and
A 2
P, 0) £ I N, 0) — Mal)®uln, 4} - (75b)
We find
(xi”, @) = v(n)Q (MU (0)8(n — '), (76a)
(xi", ®5") =0, (76b)
(x”, @) = v (M)W (M)A ()8(7 — '), (76¢)
and

(s, @) =0. (76d)
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With the formalism developed in this section, typical half-space problems can
be solved immediately. We consider, in the next section, the Milne problem.

VI. MILNE PROBLEM
We seck the angular energy density, W (=, #), in the source-free half-space

subject to the boundary conditions (7):

(a) Wn(0,u) =0, 420 (zero reentrant radiation)

(b) Wyl(z, p) ~ W — (z,p) for large x.
The second condition specifies that Wy (z, u) diverges no more rapidly than the
slowest diverging mode W¥'_(z, u).

The solution can be constructed from the normal modes of the transport
equation. Condition (b) requires that no ¥'(n, z, u) be included for n€{ — 1,0j,
Thus we write

W (z, p) = AWi(z, 1) + A- W_(2, ) + f ar(n) e ®i(n, u) dn
¢ (77)

+ [ aln) PP ) b+ [ anln) ¢ (0, )
@' @

The coefficient A_ we leave arbitrary (it depends upon the normalization).
The other coefficients are obtained from condition (a). Setting = = 0 in Eq.
(77), we have

- A- ‘F—(O, ."L) = A+ L1 +f®’a1(n)(bl(n, [.L) dn +[®’a2(n)Qél)(n,y) d17
(78)
+ [ an) @G dy,  w oz 0
-

Thus the coefficients are merely the half-range expansion coefficients for the
function

—A-w_(0,p) = A- <w1/<71> B (79)
We
They are found immediately from the orthogonality relations:
Ar 1 1oy w/ o1
A" ]_V:}; D W(P') < w, » du, (80&)
or
A+ 1 1 ) 1/ey
- Ni{““ [ rondetatu [ v d#}. (80b)

This expression can be put in terms of the X-function by the use of Identity
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IV, Appendix A. We find

A 30y 1 M2 du , /oy u2 }
S 9% il _* 4 81
A 2oy ws Fw1) {w2_/0‘ = ) + o1 wl/O‘ (— u) T (81)

where the explicit form of N, (Eq. (73a)) has been used. Similarly,

1
) wy/ o1
d
al("l) _ A %1 (77) M)W(#)( wy )l‘ 1] (82>
A (M () (1)
This integration is somewhat lengthy, but completely straightforward. We find
ai(n) _ _ftutin W {1 — 2nc T(n) + 2nc T(o1 )} (83)
A_ 22 () () (1)
Similarly
aln) _  nfwn + o’ wy O1(p)} (84)
A ()@t () (n)

The expansion coefficients are now determined, so the problem is solved. Note
that all results are expressed in terms of the two functions 7'(z) and X(—g)
(QF (u) are given in terms of T-functions, while y(x) is expressed in terms of
X(—w), 0 = u £ 1in Appendix A, Identity IV.).

The customary normalization (2) is to set

1 )
—27rf u.dp.f dv Y, (z, 1) = ol (85)
1 o

where T is the “effective temperature”. This leads to

30’1 O‘Te4

A= —"""""° -,
411’(0'1 we + wl) (86)
The energy density
A 1 @®
s 2on [ d [ dntaw (87)
is given by
1 1
5@ = 2x (1) [ wale,n) da (88)
-1
or finally
556) = (A+ + 24-) (wn + w2) + 1_/‘ {al(n) - a—‘*—Z(ﬂ)} ¢ dy
™ 2 @' C1 C12 (89)

+ % f , as(g) e {1+ 2(ce — en) nT(1/arn)} dn.
@
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The extrapolated endpoint, x,, is defined as the distance from the boundary
at which the asymptotic density extrapolates to zero.
Itis
A
o = i (90)
which is given already by Eq. (81).
The temperature distribution is found from Eqg. (9), i.e.,

oT*(x) 1 <171> fl (91)
= v, (z, >
™ 2(0’1 W + UJ2) 1 —1 (I M) d“
We find
T4(I) 30_1 { 1/oy ne—z/vl
P Tomm P TR ke [ (92a)
a
— en [1 _ﬂ__ d,,}.
170y ()2 ()2 (n)
Writing this in terms of X (—u) we have
T (x) _ 301 {x + gy — (e + en) (oy we + wy)
TS 4(01w2 -+ wl) 0 301(01 w + ’wz)
ey —rf
. f X( -"7)9 _17 dn _ ‘622(0’1 we + wl) (92b)
o () (n) 3o1{ar w1 + wy)

fl X ( _11) e—x/n }

. — ;.

/ey () ()

Now that the temperature distribution is known, one can obtain the frequency
dependent angular density, y.(z, u), simply by integrating Eq. (1) (after
transforming it to the optical variable x). The frequency dependent law of
darkening is then given by ,(0, #). The law of darkening for the integrated
quantities is found from W', (0, x). Just as in the gray problem, if we consider
¥y (0, p), p < O the integrals over dn can be performed by extending the tech-
nique of ref. 271. We thus write

C12

+
W0, = p) = Ar e+ A- W0, =) + [l |77 nan >0, 930)
0

Fxrd

Here the continuum part of the expansion becomes particularly simple because
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by restricting u to be negative, the eigen solutions (9 > 0) are no longer singular.

We find

w
7. X(—p/o1)
¥y (0, — u) = mia—;):‘_*_—m’)‘ ' , u>0. (93b)
We
| X(=m)

It is clear how other half-space problems could be solved. For example, con-
sider the albedo problem. Here we have a source-free half-space with incident
distribution®

Wio(u) = <§Eﬁ :Z 3) ui Z 0. (94)

Here the solution must not diverge at infinity, so we set

w,(r, p) = Ay ®+ + f ai(n) ¢ " @y(n, 1) dn
o
(95)
+f as(n)e =" @ (n, u) dn + f ar(n)e™" @ (n, ) dn.
@ @

Since
Wa(0, p) = Wine(n), bz0 (96)

the expansion coefficients are found as integrals of the adjoint functions times
delta functions. We omit any details of this or other possible half-space problems
except for the half-space Green’s function, discussed briefly in Appendix B.

VII. THE CASE OF GENERAL C

As has been discussed in the introduction, the case of general C hasinterest both
in neutron transport theory and in radiative transfer. In the latter, if we had
included scattering in the resonance lines (e = 1 (7)) we would have been led
to this case. We discuss this situation briefly in the present section. All results
are presented without proof.

The eigenfunctions for region 1 have the same form as for det C = 0. They are
given by Eqs. (18). For region 2, however, we find

C12 1
on — B
AP 1 55 — u) Mn)
n— ¢ )
8 If the albedo solution is to be used to generate the solution to a problem involving

arbitrary incident distribution, then two albedo problems must be defined, just as two
Green’s functions are defined; ef. Appendix B.

F®(n,p) = (97)
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where
An) =1 — 20T (n) — 2nenT(1/am) + 49°detCT (n)T(1/01n) (98)
and
f(n) = ¢ — 29det CT(1/o1m). (99)
The discrete solutions are
1 M
Fiu(s) = T (100)
¢y — 2det C n;T(1/a1 1) % J
1 T

where 4, are positive roots of the dispersion function
Qz) = 1 — 22enT(1/012) — 22T (1/2) + 42° det CT(1/2)T(1/012).  (101)

It can be shown (20) that for det C £ 0, 2(z) has only two zeros while for det
C > 0 it may have two or four depending upon the relative magnitude of the
¢;; and oy . Note that @(z) = Q(—z); hence the roots occur in == pairs, explain-
ing the notation of Eq. (100).

TugoreM II1. The function F°(n, u), F® (9, w)and F; = (p) form a complele
set in the sense that an arbitrary function W (u) defined on the interval [—1, 1) can
be expanded in the form

\If'(p,) = Z AH— Fi+(ﬂ) -+ Z A Fi‘(,u) -+ f al(’?) F](.l)("h F’) d"
A [ ®
(102)
+ f az () B (n, w) dy + f as(n) ¥ (g, u) dn.
o) ®

The proof of this theorem follows in analogous fashion to that of Theorem I
except that here it is unnecessary to introduce the X function since N(z)
and Q(z) have the same branch cut.

Turorem IV. The functions F(n, u) are orthogonal to the adjoint functions,
F'(n, 1), on the interval [—1, 1] with weight function p. This applies to both con-
tinwum and discrete modes.®

This theorem is proved, in the usual manner, directly from the equations
obeyed by F(n,u) and F'(n, u).

In attempting to prove the half-range theorem, analogous to Theorem I but
for det C 5= 0, one proceeds in exactly the same manner as for Theorem 1. How-
ever, instead of arriving at Eq. (37), which is solved by Wiener-Hopf factoriza-

¢ It is possible even for the case det C # 0 that there is a degenerate doubleroot atinfinity
(20). In this situation W — (0, ) is not included in the orthogonal set.
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tion, one finds an equation which cannot be simply factored. Actually, a proof
of this theorem is given in ref. 3, but not in a form which makes it possible to
obtain the expansion coeflicients in any simple way. While we have remedied
this for the full-range case through Theorems IIT and IV, we have thus far been
unable to discover a similar scheme for the half-range problem.

APPENDIX A. X-FUNCTION IDENTITIES

IneENTITY T
1 1/a)
X(2) = szf v(#) du + Cnf ‘Y—(&)—du. (A1)
0 K — % [} B — 2
The proof follows by writing Cauchy’s theorem for X(z), i.e.,
X = g X (A2)
2 J 2 — 2

where the contour can be shrunk down to include only the branch cut (the in-
tegrand vanishes at infinity). Thus we write

X() = oo [ 127w — X (W) du_

n—z

(A3)

Using Egs. (34b) and (38) we obtain
X (w) — X (u) = 2miv(u)fen + cu®i(p)). (A4)
Entering Eq. (A.3) with this result gives Identity 1.

InpEnTITY II

X() X(—2) = ?%"%@ (). (A5)

For the proof, we note that the function
X(2) X(—2) (1w + w)
Ab6
30’1(0‘1 Wy + 'LUQ) Q(Z) ( )

is an entire function because it is analytic in the eut plane and its discontinuity
across the cut vanishes. It is thus a constant.
Letting z approach infinity we find

F(z) é

Lim F(z) =1 (A7)
because in the same limit o
X(2)X(—2) ~ —1/2 (A.8)
and
Q(z) ~ — 1 arw + wn (A9)

;2 30’1(0'1 w + ’II)Q) ’

This proves Identity II.
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InenTiTY 111

Y(z) = I L N {’U)z IJ“_,
- 2(ay we 4+ W) o X(—p) (0 — 2)
1foq

2 W du
T X W —Z)}'

This is a nonlinear integral equation for X (z) which can be used by the ambitious
to evaluate X (z) numerically. 1t is obtained by combining Identities 1 and II
and noting the trivial,

(A10)

InENTITY 1V
301 u(or wy + wy)

(Ul Wo 'f’ wl))((—p,) (A.ll)

v(u) =

obtained from Eq. (A.5) by taking boundary values of both sides.

APPENDIX B. THE HALF-SPACE GREEN’S FUNCTION

For the case, det C = 0, there is no solution to the infinite medium Green’s
funetion which is finite everywhere. However, we can define a “pseudo Green’s
function” for the infinite medium that goes to a constant at plus infinity and
diverges at minus infinity, which can then be used to construct the half-space
Green’s function in the following way.

We wish to construct a solution to the homogeneous transport equation, Eq.
(11), which approaches a constant bounded value at plus infinity, obeys the
“jump conditions” at the source position, and has zero incident distribution.
We note that there are two Green’s functions, Gy and G:, corresponding to
sources

I

Q= 6(x — x0) 6(u — mo) <(1)> (B.1a)

]

g = 8(x — o) 8(p — mo) <(1)> (B.1b)

respectively. Each is found in a similar way, so we simply discuss G, .
Consider an artificial infinite medium Green’s function of the form

1/ay
Glm(xo y Mo — X, Pv) = A By + /; an(n)e_(xhro)/ml(ﬂ, #) d"?
Yoy
+ fo ans(n)e G () u) dn (B.2a)

1
—(x—1() )
+ -[1/ an(n)e "GP (g, 1) dny, x> 2.
7y
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Gloo(ifu y Mg — X, p,) = “—‘Al— w_ (;8 — Xy, p,)

¢
(xg—2)
- f an(ﬂ)e ’ I/ﬂﬂl(ﬂ, ) dn
—1/0}

0 (B.2b)
- /1/ 0112(77>6’(1°—1)/"ﬂ;l)(?7; #) dny
1/

- ‘L_IM alz(ﬂ)e(zo_mmé?)(ﬂ; u) dn, x < Z.
Here the coefficients are found in the usual manner; i.e., we set
G (o, to — 20ty 1) — Grealo , o — 0 , ) = 27ud(y — po) <é> , (B3)
which leads to

2rud (. — mo) <(1}> = A B + A-w-(0, ) + j;)au(fl)ﬂl(ﬂy w) dn
(B4)

+ Lalz(n)ﬁél)(n, u) dn + /(; ()8 (m, ) dn.

1

Theorems IIT and IV apply to the above and thus we can find 4.4 , 4.1, en(y),
and o12(n). Note that Gy obeys the first two boundary conditions; i.e., it goes
to a constant at 4+« and it cbeys the “jump condition,” Eq. (B.3). That it
diverges at — « is not important here. We now must fix the zero incident dis-
tribution condition. To this end, we write

Glha.(xo s Mo — T, “') = le(xﬂ y Mo — X, U’) - A{+ ﬂ+

/ey
—fo an(n)e ""Bi(n, u) dn

1oy , _ , (B5)
_ [ ata(n)e "B (5, ) dn

1
— ade(n)e "0 (n, ) dn, x> 0.

1/ey

Setting x = 0, we obtain the condition for zero incident distribution; namely,
1oy

Gio{@o, po— T, pn) = A+ By + j(; a11(n)B1(n, u) dn

1/e1 , @
n [ b ()OS (n, ) dy (B.6)

1
+ j;/ ato(m) 8P (0, u) dn, w2z 0.
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Since the left-hand side of Eq. (B.6) is known, we can determine the unknown
coefficients, A1y, oni(n), and ais(n), with the aid of Theorems I and II. The
half-space Green’s function corresponding to source q, is thus known and given
by Eq. (B.5). In exactly the same way, Gy,, can be found.
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