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Abstract

Some exact solutions of the homogeneous and the inhomogeneous linearized Boltzmann equation (LBE) for
rigid-sphere collisions are used to define two model equations in the general area of rarefied-gas dynamics.
These equations are obtained from a systematic development of two synthetic scattering kernels that yield
model equations that have as exact solutions certain known exact solutions of the homogeneous and of the
inhomogeneous LBE. The first model established is defined in terms of the collisional invariants and the
Chapman-Enskog integral equations for viscosity and for heat conduction. An extended model is defined also
in terms of the collisional invariants and the Chapman—Enskog functions for viscosity and heat conduction,
but the first and second Burnett functions are also included in the model. The variable collision frequency
or generalized BGK model is also obtained as a special case. In addition, the exact mean-free paths defined,
for rigid-sphere collisions and the LBE, in terms of viscosity or heat conduction are employed to define
approximations of these quantities that are consistent with the use of the variable collision frequency model.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Internal rarefied-gas flows define a field of major interest in the general area of rarefied-gas
dynamics, and so the contributions to this body of knowledge are many. The books of Cercignani
[1,2] and Williams [3] provide excellent material relevant to this field and a comprehensive review
recently reported by Sharipov and Seleznev [4] also is a useful up-to-date source that pays much
attention to comparing different computational methods as well as different mathematical formulations
basic to rarefied-gas dynamics. In recent years, we have seen an increased interest in the general
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area of rarefied-gas dynamics essentially because of applications in nanotechnology (for example, as
related to micro-machines and high-speed disk drives) where the Boltzmann equation or a model
equation is required in order to describe well gas-flow and heat-flow mechanisms. It was also pointed
out in Ref. [4] that the thermal transpiration phenomena, which exist in internal flows produced by
a temperature or pressure gradient, continue to attract the attention of scientists. Moreover, there
is additional recent interest in these effects due to applications in micro-electro-mechanical systems
(MEMS), and so we believe there is need for further improvements in computational methods
and mathematical modeling for the flow of microfluids. In many cases the flow conditions are in
the transition regime and as a result the well-known and commonly used Navier—Stokes equations
can not be applied. In these cases the Boltzmann equation or suitable kinetic models should be
utilized.

In regard to improvements in computational methods in the general area of rarefied-gas dynamics,
we note that our analytical discrete-ordinates (ADO) method [5] has been shown [6-9] to be a
useful method for solving a class of basic problems in this field. For example, many of the classical
problems based on the BGK model [10] have been solved in a unified and especially accurate way
with the ADO method. Following beginning work with the BGK model, we extended the ADO
method in order to solve many of the basic problems in rarefied-gas dynamics that were defined in
terms of the variable collision frequency model (CLF model) of Cercignani [11] and Loyalka and
Ferziger [12]. Having seen that the ADO method is a convenient computational method for solving
problems based on the CLF model and seeking improved results for physical quantities of interest,
we now go back and make use of some early work of Shapiro and Corngold [13] and Loyalka
and Ferziger [12] in order to define explicitly two extended model equations based on approximated
forms of the linearized Boltzmann equation (LBE). While Refs. [2,12,13] have discussed, in general
terms, the use of degenerate kernels for use in particle transport theory, we believe the use we make
here of exact solutions of the homogeneous and of the inhomogeneous LBE provides a systematic
basis for approximating the scattering kernel in the LBE. It is for this reason that the two models
(the CES model and the CEBS model) are developed in detail.

This work starts with the LBE for rigid-sphere interactions, as discussed by Pekeris and Alterman
[14], and so, while the model equations developed may readily be extended to other interaction
laws, the basis of the work must be taken in the light of the LBE and rigid-sphere collisions.
Although modern and intensive numerical methods based on finite-difference techniques and the
numerical evaluation of multi-dimensional integrals can be used, as can the Monte Carlo method, to
solve practical problems based on the LBE, our goal here is to explore a class of model equations
that can be solved (essentially) analytically to yield results good enough for selected engineering
applications. It is for this reason that we provide a systematic derivation of the models and report
the final forms in sufficient detail that researchers seeking to develop numerical algorithms to solve
practical problems will have a clearly defined starting point. We note here that while we have found
success with our ADO method, the kernel of the integral operator of the LBE is not continuous [15]
in the relevant variables, and for this reason we avoid the use of a global quadrature method for
evaluating such integrals.

To start we follow the papers of Pekeris and Alterman [14] and Loyalka and Hickey [16] and
consider the LBE written as

0
c,uah(x,c) = aingn'*L{h}(x,¢), (1)
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where ¢(2kT,/m)"? is the magnitude of a particle velocity, x is the spatial variable (measured in
cm) and A(x, ¢) defines the perturbation from the equilibrium distribution

fo(e) = nolm/(2mkTy)1 e~ 2)

Here nq is the (constant) density of gas particles, each of mass m, k is the Boltzmann constant and
T, is a (constant) reference temperature. To be clear, we note while A(x, ¢) defines the focus of our
attention, the actual distribution function f(x,c) in this formulation is expressed as

Sfx,¢)= fo(e)[l + h(x, c)]. (3)

In regard to Eq. (1), we continue to follow Refs. [14,16], and so we state that g is the collision

diameter of the gas particles (in the rigid-sphere approximation) and that the collision process is
described by

oo p,l 21
L{h}(x,c):—v(c)h(x,c)—l—/0 /_1/0 e h(x,¢K(c, e)c* dy di dc, (4)

where we use spherical coordinates (c,arccos u,y) to define the (dimensionless) velocity vector,
where v(c) is the “collision frequency” and where K(c’,¢) is the scattering kernel. It is clear that
to proceed we require definitions of the scattering kernel K (¢, ¢) and the collision frequency v(c).
In their work, Pekeris and Alterman [14] used an expansion in terms of Legendre polynomials (as
functions of the scattering angle between “before” and “after” directions) to describe the scattering
process. We use the spherical-harmonics addition theorem and write the scattering kernel of Pekeris
and Alterman [14] as
1 o n
K(ce)= -3 > (@n+ 1)@= d0,)P ()P} (1ki(c €) cosm(y = 7). (5)

n=0 m=0

Here the normalized Legendre functions

prgo =@ G e e, s (6)
= | - —P, (1), n=m,
P ! g
where P,(u) denotes the usual Legendre polynomial, are such that
! 2
Pr(u)P(w)du= =——— ) Onn. 7
[ Prwrzwan= (5,5 ) o )

The basic elements k,(c’,¢) in the expansion of the scattering kernel are, in principle, available from
the paper of Pekeris and Alterman [14] where explicit expressions are given for n =1 and 2. For
future use, we list these components, as well as the cases n = 0 and 3 taken from Loyalka and
Hickey [16]. Noting that, in general, k,(c’,c) = k,(c,c’), we make two corrections to the listing in
Ref. [16], follow the style of Loyalka and Hickey [16] and write for ¢’ < ¢

— (1/2)c cko(c’,¢) = (2/3)c” + 2'c* — 4P(C), (8a)
— (1/2)* k() = (2/15)° — 4’ — (2/3)c° — 4(* — 1)P(C), (8b)

— (1/2)cl3c3k2(c/,c) =ay(c',c) + by(c’,c)P(c") (8¢c)
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and

— (1/2)c*c*ks(c, ) = as(c’,¢) + bs(c, )P(c) (8d)
where

ar(c',c) = (2/35)c"” — 3¢ + 18 — [(2/15)¢” — 312, (9a)

by(c,c) = —6¢"* +15¢% — 18 4 [2¢7 — 3]c%, (9b)

as(c',c) = (2/63)c”° — 5¢° +20¢” — 150’ — [(2/35)c" — ¢ + 30c']c (9¢)
and

by(c',c) = —10c"® + 45¢* — 120 + 150 + [6¢"* — 21" + 30]c2. (9d)
Here

P(c) ZeCZ/ e dx. (10)

0

At this point we introduce a mean-free path / (which, for the moment, we leave arbitrary) and
use the dimensionless variable T = x// to rewrite Eq. (1) as

0
c,u&h(r,c) = ¢eL{h}(z,¢), (11)
where the operator L is defined by Eq. (4) and
e= aénonl/zl. (12)

While it might be convenient to have introduced the idea of a mean-free path, we must keep in
mind that this quantity cannot, at this point, be considered known since in reality it is a function of
the actual solution we seek. Some workers choose to use a mean-free path based on viscosity for
flow problems and a mean-free path based on thermal conductivity for heat-flow problems. In either
case, the use of an appropriate mean-free path is especially important when working with model
equations such as the CLF model we discuss later in this work.

2. Some solutions

In order to conserve mass, momentum and energy, the kernel K(c/,¢) used in Eq. (4) must be
such that

oo prl 27
We)S(es 1) = / / / e S(¢ il 1K (s e) dy did 4 (13)
0 —1J0
where
_ 1 _
cp
S(e,py)= | el — @) ?cosy | . (14)

c(1 — ) siny

02
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Taking note of Eq. (5), we find that Eq. (13) yields only the three conditions

Wc) = / e " ko(c', ) dc, (15a)
0
v(c)c:/ e " ki(c,0)c” dc’ (15b)
0
and
v(c)czz/ e_clzko(c',c)c'4dc'. (15¢)
0

Using Egs. (8a) and (8b), we can confirm Egs. (15b) and (15¢) once we have used Egs. (8a) and
(15a) to find the collision frequency:

2241 [, :
W) = c: / e dx +e . (16)
0

There are examples [17] in linear transport theory which suggest that, when there is a “discrete”
solution that is independent of the spatial variable, we are able to find a second solution that is
linear in the spatial variable. While there are not five solutions of Eq. (11) that are linear in the
spatial variable, Cercignani [18] has reported three such solutions. The components of S(c, i, x) as
listed in Eq. (14) are normally [1,2] referred to as the collisional invariants. To be clear, we let

hl(’C,C) = 19 (17a)

hz(T,C) =Cl, (17b)

hy(t,¢) =c(1 — 1) cosy, (17¢)

ha(t,¢) =c(1 — 1®)?sin y (17d)
and

hs(t,e)=c* —5/2 (17¢)

denote the exact solutions of Eq. (11) that are independent of the spatial variable. Note that instead
of using ¢? as the fifth solution, we have elected to use a convenient linear combination of the first
and fifth components of S(c, i, x) to define As(t, ¢). To list the solutions of Eq. (11) that are linear
in the spatial variable we first introduce the notation we use to discuss a class of integral equations
that is basic to this work, viz.

fn{f}(c):r(c), CG[0,00), (18)
with r(c) considered given, and with
LA =S @)= [ e ki ren ax. (19)

While it is clear that Eq. (5) defines the scattering kernel for the LBE, we note that the components
k,(c'c) of this scattering kernel, as used in Eq. (5), are the functions required in the integral equations
defined in Eq. (18). We see also that, in contrast to the integration over velocity space that is required
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in the Boltzmann equation, we have in Eq. (18) a one-dimensional integral. Finally, we observe that
Eq. (18) is not in the form of a classical Fredholm equation (because of the improper integral),
but with some changes of variables the equation can clearly be redefined on a finite interval even
though this process can introduce singularities into the kernel function [19].

Looking now to Refs. [14,16], we see that the Chapman—Enskog integral equations relevant to
viscosity and heat conduction can be written, in our notation, respectively, as

Lr{c*b}(c) = c? (20)
and
L {cal(c)=c(c* —5/2) (21)

for ¢ €[0,00). We note that the functions a(c) and b(c) are the same as the functions a(p) and
b(p) used by Pekeris and Alterman [14]. We see also that we can rewrite our Eqgs. (15) as

ZLo{1}(c) =0, (22a)

L1{cHe)=0 (22b)
and

Lo{c*He)=0 (22¢)

for ¢ €]0,00). Noting Egs. (21) and (22b), we conclude that an arbitrary constant can be added to
any function a(c) that satisfies Eq. (21), and so this function is generally normalized by imposing
the condition [3]

/ h e~ a(c)c* de = 0. (23)
0

Making use of the manifestations of the Fredholm alternative [19] and the fact that Eqgs. (22) show
that there are solutions of homogeneous versions of the integral equations

gﬂ{f}(c) = V(C), ce [O’ OO): (24)
for the cases of =0 and 1, we can list solvability conditions for these two cases, viz.
00 1
/ e re)tde=0, n=0 (252)
0 c?
and
/ e rc)tde=0, n=1. (25b)
0

It can be seen from the forms of the kernels required in Eqs. (20) and (21) that these integral
equations can provide a challenge to workers seeking numerical results for the functions a(c) and
b(c), and so Pekeris and Alterman [14] reduced these two integral equations to ordinary 4th-order
differential equations from which they obtained numerical results for the required functions a(c¢) and
b(c). More recently, additional numerical results (based directly on the integral equations) for these
important functions have been reported [16,20,21].
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Having defined, by way of Egs. (20), (21) and (23), the Chapman—Enskog functions a(c) and
b(c), we have found three solutions of Eq. (11) that are linear in 7. We report these solutions as

Ri(t,¢) = c(1 — p)"? cos y[et — uch(c)], (26a)

ni(t,¢) = c(1 — )% sin ylet — pch(c)] (26b)
and

hi(t,¢) = (c* — 5/2)et — pca(c). (26¢)

While Cercignani [18] has expressed his three solutions that are linear in the spatial variable in a
different and less explicit way, those three solutions are linear combinations of our Eqs. (26). Having
listed in Eqs. (17) and (26) eight linearly independent solutions of Eq. (11), we proceed now to
use these eight solutions to define a synthetic kernel F(¢/,¢) we can use to approximate the exact
kernel K(¢,¢) that is listed as Eq. (5).

3. A synthetic kernel

Even if we truncate the expansion of the scattering kernel given as Eq. (5) after only a few terms,
the problem of solving the resulting approximation of the LBE is still difficult from a numerical
point of view. The numerical difficulty comes about basically because the components k,(c’,c) re-
quired in Eq. (5) have derivatives (even for small values of n) that are discontinuous at ¢’ =c. It
is for this reason, keeping in mind that we intend to implement our work numerically, that we seek
to approximate the true kernel by physically meaningful approximations that can be more easily
incorporated into a numerical algorithm. In this regard, we note that the variable collision (CLF)
model of Cercignani [11] and Loyalka and Ferziger [22] has been used in two recent works [8,9] in
order to try to improve basic results available from the classical BGK model [10]. We now extend
the variant of the variable collision frequency model used in Refs. [8,9] by replacing the exact com-
ponents k,(c’,c) of a truncated form of the scattering kernel K(c¢’, ¢) with a more general synthetic
approximation. And so to begin, we truncate Eq. (5) and write the synthetic scattering kernel as

1 N n
F(ehe)= -3 > @n+ Q2 = 0Py (WP (1S (' e) cosmz — ). (27)
n=0 m=0

where, instead of using k,(c’,c) as in Eq. (5), we intend to use synthetic approximations f,(c’,c)
which we express, initially for N =2, as

folc',¢) = Ao(c")Ao(c) + Bo(c)Bo(c), (28a)

f1(c',e)=A,(cHA1(c) + Bi(c")B(c) (28b)
and

fa(c¢) =Ax()Aa(0), (28¢)

where the functions {4,(x), B,(x)} are to be determined. Continuing, we now write our approximated
balance equation as

c,u%h(r,c) =¢eL*{h}(z,c), (29)
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where
oo prl 2n "
L*{h}(t,¢) = —v(c)h(z,¢) + / / / e “ h(t,c)F(c, c)c’2 dy/ du’ dc’. (30)
o J-1Jo

Here F(c/,¢) is given by Eq. (27) with N = 2.

At this point we define the conditions we wish to use to define the components f,(c’,¢), n=0,1,2,
of the F(¢',¢). We simply insist that the five exact solutions listed as Egs. (17) and the three exact
solutions listed as Eqs. (26) be also solutions to Eq. (29). And so upon substituting Egs. (17) into
Eq. (29) we find three conditions:

/ e_‘,zfo(c', c)c'2 dc’ = v(c), (31a)
0
/ e fo(c/, o)t dc! = v(c)c (31b)
0
and
/ cf"/zfl(c’,c)c'3 dc’ = v(c)e. (31¢)
0

Now substituting the three solutions listed as Eqgs. (26) into Eq. (29), we find two additional con-
ditions, viz.

/00 efclza(c/)fl(c/,c)c’3 dc’ = v(c)ca(c) — c(c* — 5/2) (31d)
0
and
/°° e~ b(c) f2(c,e)c" dc' = v(c)Pb(c) — . (31e)
0

To reiterate, we consider here that the only unknowns in Egs. (31) are the components f,(c’,c),
n=0,1,2, that we seek to define our approximate scattering kernel F(c’,¢) for N = 2. We can
substitute the forms given by Egs. (28) into Egs. (31) to find the required approximating components.
For fo(c,c) we find

fo(e ) = v e + wa(c” — o) — w)], (32)
where
1
Wo = —, (33a)
V2
W = —2 (33b)
VaVe — Vy
and
o= (33c)
V2
with

v, = / e <" v(c)c" de. (34)
0
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For f(c,c) we find

f1(c,e) = wicv(c)ev(e) + wpdi(c) A1 (),

where

Ai(c) = v(c)[asc — ca(c)] + c(c? —5/2).

In addition,
1
Wy = —
V4

b

w = [a) — ay — a.a3]”!

and
Ay = Cl3/V4
where
o0 2
ap :/ e < v(c)a*(c)ct de,
0
0 2
a :/ e “a(c)c®de
0
and

a3:/ e_czv(c)a(c)c4dc.
0

Finally, for f»(c,c) we find

fa(ce) =l —v(c)*b(H][e? — v(e)ePb(e)],

where

W) — —
Vi

with

\gz/meﬁ%@nw@&m@—c%#@.
0

At this point our model of the LBE is completely defined, viz.

c,u%h(r, ¢)=¢eL*{h}(z,c),

where

oo 1l 2n
L*{h}(z,¢) = —v(c)h(z,¢) + / / / e h(z,YF(c,e)* dy dy’ dc'.
o J-1Jo

Here

(35)

(36)

(37a)

(37b)

(37¢)

(38a)

(38b)

(38¢)

(39)

(40)

(41)

(42)

(43)

F(c,¢)= ﬁv(c’)v(c)[mm +3w(c" - ¢) + w02(0’2 — a))(c2 —w)]+M(c,¢)+N(c,e), (44)
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where
M e)= 3 3mal(e - (D)) (450)
and
5 2
N(,e)= Emzﬁz(cl)ﬁz(c) > (2= S0Py (UPY () cos m(y' — %) (45b)
m=0
with
A1(¢) = v(c)[asc — ca(c)] + c(? —5/2), (46a)
Ay(c) = — v(e)Pb(c) (46b)
and (in a consistent notation)
1
¢ e=ceYy (2= Som)PP ()P} (1) cosm(y — 7). (47)

m=0

We note that M(c’,¢) and N(¢/,¢) in Eq. (44) are the terms resulting from the use of the Chapman—
Enskog functions a(c) and b(c) and the conditions listed as Egs. (31d) and (31e). To have a simple
way to refer to this model that we considered to derive much of its character from the Chapman—
Enskog integral equations relevant to viscosity and heat conduction and synthetic approximations,
we refer to this model as the CES model. Although we have used here a different and more explicit
procedure to derive this model, the resulting kernel satisfies some conditions suggested by Loyalka
and Ferziger [12].

4. Mean-free paths

To have our final results in terms of the real spatial variable x (in cm), what we use for a mean-free
path [ is not important, if the molecular diameter oy and the density ny are known. However, since
these physical quantities may not be known some workers choose to work in terms of a specific
mean-free path. We can mention two convenient choices. For the Poiseuille-flow problem, Loyalka
and Hickey [16] use

I =1, = (] po)(2KTo/m)'2, (48)

where u, is the mean viscosity and py = nokTy is the pressure. And so since Pekeris and Alterman
[14] give (for rigid-sphere collisions)

8Q2mkTy)'? [ _ .
1, = S@mkTo) ™ / e b(c)c® de, (49)
1576 Jo

where b(c) is defined by

v(c)e?b(c) — / h e b( Yo, c)!* dc! = A, (50)
0
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we can use Eq. (12) to find, for this case,
16

Tn_l/z / e <" b(e)c® de. (51)
5 0

E=¢p=
For the temperature-jump problem, Loyalka and Ferziger [22] use
[ = 1, = [4./(5nok)][m/(2KkT,)]'?, (52)

where A, is the heat-conduction coefficient, which Pekeris and Alterman [14] express (for rigid-sphere
collisions) as

4k(2kTo/m)'? [ _ .
= H2KTo/m) 7 / e a(c)c® de, (53)
3no; 0
where
v(c)ca(c) — / e_clza(c')kl(c’, c)c'3 dc’ = c(c* - 5/2) (54a)
0
with
/ e a(c)ctde =0. (54b)
0
In this way we find
16 .
=g = nl/z/ e < a(c)c® de. (55)
15 A

In regard to numerical work, we note that Hermite cubic splines have been used [21] to solve the
Chapman—Enskog integral equations for viscosity and heat conduction, our Egs. (20), (21) and (23),
and Egs. (51) and (55) have been evaluated to yield

¢, = 0.449027806 . .. (56a)
and

& = 0.679630049... . (56b)
Noting that the Prandtl number normally used in kinetic theory written as

Pr— % Z,ak (57)
can be expressed as

Pr=c¢p/e (58)
and so using Egs. (56) in Eq. (58), we find the result

Pr=0.660694457 ... , (59)

which we believe to be correct (for the LBE and rigid-sphere collisions) to all digits given.
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5. The CLF model

If we wish to use the CES model worked out in detail in Section 3 of this paper, we must
first solve the Chapman—Enskog integral equations for viscosity and heat conduction to obtain the
functions a(c) and b(c). On the other hand, we can obtain a lower-order model just by approximating
these two functions. If we go back to Eqgs. (50) and (54a) and ignore the integral terms we obtain
what we consider to be first estimates of a(c) and b(c). We label these estimates ag(c) and by(c)
and write

ao(c)=v 1 e)? = 5/2)+a (60a)
and
bo(c) =v~'(e), (60b)

where we have included in Eq. (60a) a constant 4 since we know a(c) is determined from Eq. (54a)
only to within an additive constant. Now applying the normalization condition listed as Eq. (23) to
ap(c), we find

a=—(8/3)n > / - e v Ie)(E - 5/2)c de. 61)

0

If we use ag(c) and by(c), in place of the correct solutions a(c) and b(c), we find that Eq. (44)
reduces to

F(c,e)= ﬁv(c')V(C)[ﬁrm +3w1(c - ¢) + wo(c” — ) — w)] (62)

and so using Eq. (62) with Egs. (42) and (43) and considering that the collision frequency is
arbitrary, not fixed by Eq. (16), we then have what we [8,9] refer to as the CLF model (variable
collision frequency model) or the generalized BGK model [3].

Returning now to the issue of mean-free paths, or alternatively corresponding choices for the ¢
defined by Eq. (12), we note that within the context of the CLF model, we can use Egs. (60) and
(61) in Egs. (51) and (55) to find the approximate results

P _E —1/2 * —c? —1 6d 63
p’0_15n ; e ‘v (c)’dce (63)
and
16 —1/2 > —c2 —1 2 2 4
€0 =157 e v ()t —5/2) ¢ de. (64)
0

Egs. (63) and (64), yield, respectively, for the BGK case [v(c) = 1], the Williams case [v(c) = c]
and the rigid-sphere case [v(c) as given by Eq. (16)], the following:

epo=1, (65a)

&p0=0.601802222... (65b)
and

£.0 = 0.278804053 ... (65¢)
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along with
o =1, (66a)
&.0 = 0.677027500... (66b)
and
.0 =0.275334588... . (66¢)

We can see that using, for the three variants of the CLF model mentioned above, the approximate
values ¢, and &, in Eq. (58) yields poor results for the Prandtl number.

6. An additional model equation

In defining what we have called the CES model of the linearized Boltzmann equation, we estab-
lished five conditions on the synthetic kernel F(c,¢) by insisting that the known solutions of the
homogeneous LBE listed as Eqs. (17) and (26) be also solutions of the model equation. As we
have no more known solutions we require other conditions if we wish to have a more general model
equation. Since the classical problems of Poiseuille flow and thermal-creep flow in a plane channel
are normally defined in terms of an inhomogeneous version of the LBE, we intend to define our new
model equation by insisting that the particular solution required for the LBE be also a particular
solution of the inhomogeneous model equation. We therefore add driving terms to Eq. (11) and
consider flow in a plane-parallel channel, T €[ — a,a], to be defined by

c(1 — )2 cos ylky + ka(c® — 5/2)] + cu%h(r,c) =eL{h}(z,c). (67)
Here we have the Cartesian components of velocity defined as

cy = CU, (68a)

e, =c(l — p?)*siny (68b)
and

e:=c(l — u*)?cosy (68c)

and so the driving terms in Eq. (67) correspond to flow in the z direction due to a pressure gradient
(Poiseuille flow: k=1 and k; =0) and due to a temperature gradient (thermal-creep flow: k; =0 and
ky =1). For this class of flow problems, we consider that the information we seek can be expressed
in terms of the velocity profile

1 oo prl 2n .
u(t) = ns/z/o /_1/0 e h(r, e)(1 — 1) 2c*cos 1 dy dude (69)

and the heat-flow profile

1 oo prl 2n ,
g(1) = =7 / / / e h(r,e)(1 — 12)2(c? — 5/2)ccos y dy dude, (70)
0 —1J0
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which we can write as

w0 = /0 h / 11 e g(r,c (1 — 1) dpude (7n)
and

1

0=z [ [ e atmem - )@ = 5726 dude (72)
where we have defined

g(t,c,pn) = % /0271 h(t,c)cos ydy. (73)

Since the velocity and heat-flow profiles have been expressed in terms of an azimuthal moment of
h(t,c), we multiply Eq. (67) by cos y, integrate over y and let

g(Ta ¢, ,LL) = (1 - ‘u2)1/2w(r’ ¢, ,LL) (74)
to find
clha + hale® — 5/2)] + et (x, . 1) = e (Y} (5., (75)
where
oo rl 5 5
L) = e+ [ [ e Ui e i d (76)
0 —1
with
K ey = (1= @)Y LT (ki(c' ). (77)

n=1

Here the component functions k,(c’,c) are the same as used in Eq. (5) and the polynomials

2n+1 12 4
()= |z=——= —P,(u), =1,
() [Zn(n +1)] LR (78)
are such that
1
[ 0= 00 d = b (79)
—1

Since Eq. (75) has an inhomogeneous driving term, we now wish to define particular solutions
corresponding to the two special cases k1 =1, k=0 and k; =0, k;=1 that are appropriate, respectively,
to Poiseuille flow and thermal-creep flow. We consider first the case of thermal creep, and proposing
a particular solution that depends only on ¢, we find

Yps(T,c, 1) = —ca(c)fe, ki =0, k=1, (80)

where (still) a(c) is defined by the Chapman—Enskog equation for heat conduction. Turning to the
case of Poiseuille flow, we note that the driving term is itself a solution of the homogeneous equation,
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and so we can anticipate that some effort will be required to define a particular solution. We follow
Simons [23], Williams [3] and Loyalka and Hickey [16] and propose, in our notation,

Ups(T, ¢, 1) = [A(e)T® + D()IT1 (1) + B(c)tIy(p) + E(c)IT5(1) (81)
which we substitute into Eq. (75), with &y =1,k =0, to find

Ups(T, 0, 1) = {c(e1)? — 2c2b(c)etp + d(c)/5 + Se(c)(51* — 1)/5}/(eep) (82)
Here (still) b(c) is defined by the Chapman—Enskog equation for viscosity, d(c) must satisfy

L{d}(e)=2eb(c) — 5ce, (83)
and e(c) must be a solution of

Z3{c*e}(c) =22b(c). (84)

Here we continue to make use of the notation introduced in Eq. (19).

We note that because of the definition of ¢,, as given by Eq. (51), we are assured that the
right-hand side of Eq. (83) satisfies the solvability condition listed as Eq. (25b). Finally, since
a constant multiple of ¢ can, because of Eq. (22b), always be added to c’d(c), we can use the
normalization

/ h e < d(c)c®dc=0 (85)
0

so that (for Poiscuille flow) the contribution to the velocity profile from the particular solution
will come only from the first term in Eq. (82). We note that Loyalka and Hickey [16] refer to
the functions we have called d(c) and e(c) as Burnett solutions. To distinguish between these two
important functions, which have been discussed by Simons [23] and which were also evaluated
numerically in Refs. [20,21], we refer to them as the first and second Burnett functions. Considering
that the two Burnett functions are known, we find that we can extend our synthetic kernel to the
case of N =3 by adding to the conditions listed as Eqgs. (31) two new conditions, viz.

/ T () fi(c o) de = w(e)d(e) — 26b(e) + 5ce, (86a)
and 0

/0 - e e(c) f3(c, )’ A = v(e)Pe(c) — 263b(c). (86b)
It follows that we can now write

Fo(c'se) = Ag(c'YAo(c) + Bo(c")Bo(c), (87a)

f1(ce) = A4,()Ay(c) + Bi(')Bi(c) + Ci()Ci(c), (87b)

fa(c,e) = Ax(c")Aa(c) (87¢)
and

£3(ce) = As()As(c). (87d)

Egs. (31) and (86) are used to determine f,(c’,c), n=0,1,2,3, so as to define our new syn-
thetic kernel. Because we have now included the first and second Burnett functions, as well as the
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Chapman—Enskog functions for viscosity and heat conduction, we refer to this new model based on
a synthetic kernel as the CEBS model. This model, we recall, will have the eight exact solutions
listed as Egs. (17) and (26) as solutions of the homogeneous model equation, and it will also have
the exact particular solutions for thermal creep and Poiseuille flow as particular solutions of the
corresponding inhomogeneous model equation. Finally, since our CEBS model has one more term
(N =3 rather than N =2) in the synthetic scattering kernel, we have hopes that the model will prove
to be a good addition to the class of model equations already available for approximating the LBE.

7. Concluding remarks

In this work we have made consistent use of the idea of approximating the exact scattering
kernel relevant to the linearized Boltzmann equation (LBE) for rigid-sphere interactions with a
synthetic kernel that maintains some basic properties of the exact kernel. More specifically we
insist that a model equation defined by an approximating synthetic kernel accept as solutions certain
known solutions of the homogeneous LBE or the inhomogeneous LBE relevant to forced flow in
a plane channel. By developing what we hope will prove to be improved model equations (what
we call the CES model and the CEBS model) that are amenable to analytical and simple numerical
methods of solution, we anticipate that numerical results for engineering applications will be made
available without the need of extensive computation methods required when the LBE must be solved
numerically. In addition to the two mentioned model equations, the variable collision frequency
model (CLF model) or generalized BGK model is obtained as a special case, and expressions from
approximations to the solutions of the Chapman—Enskog integral equations for viscosity and heat
conduction are used to define mean-free paths that are consistent with the CLF model equation.

Acknowledgements

The authors takes this opportunity to thank S.K. Loyalka, F. Sharipov, D. Valougeorgis and
M.M.R. Williams for numerous helpful discussions regarding this work. One of the authors (CES)
is also grateful to the University of Thessaly and to the Federal University of Rio Grande do Sul
for the very kind hospitality extended during recent visits to Greece and Brazil. In addition, it is
noted that this work was supported in part by FAPERGS and by CNPq of Brazil.

References

[1] Cercignani C. Mathematical methods in kinetic theory. New York: Plenum Press, 1969.

[2] Cercignani C. The Boltzmann equation and its applications. New York: Springer, 1988.

[3] Williams MMR. Mathematical methods in particle transport theory. London: Butterworth, 1971.

[4] Sharipov F, Seleznev V. Data on internal rarefied gas flows. J Phys Chem Ref Data 1998;27:657-706.

[5] Barichello LB, Siewert CE. A discrete-ordinates solution for a non-grey model with complete frequency redistribution.
JQSRT 1999;62:665-75.

[6] Barichello LB, Camargo M, Rodrigues P, Siewert CE. Unified solutions to classical flow problems based on the
BGK model. Z Angew Math Phys 2001;52:517-34.



L.B. Barichello, C.E. Siewert!Journal of Quantitative Spectroscopy & Radiative Transfer 77 (2003) 43-59 59

[7] Barichello LB, Siewert CE. The temperature-jump problem in rarefied-gas dynamics. Eur J Appl Math 2000;11:
353-64.

[8] Siewert CE. Kramers’ problem for a variable collision frequency model. Eur J Appl Math 2001;12:179-91.

[9] Barichello LB, Bartz ACR, Camargo M, Siewert CE. The temperature-jump problem for a variable collision frequency
model. Phys Fluids 2002;14:382-91.

[10] Bhatnagar PL, Gross EP, Krook M. A model for collision processes in gases. I. Small amplitude processes in charged
and neutral one-component systems. Phys Rev 1954;94:511-25.

[11] Cercignani C. The method of elementary solutions for kinetic models with velocity-dependent collision frequency.
Ann Phys (NY) 1966;40:469-81.

[12] Loyalka SK, Ferziger JH. Model dependence of the slip coefficient. Phys Fluids 1967;10:1833-9.

[13] Shapiro CS, Corngold N. Approach to equilibrium of a neutron gas. Phys Rev 1965;137:A1686—96.

[14] Pekeris CL, Alterman Z. Solution of the Boltzmann—Hilbert integral equation II. The coefficients of viscosity and
heat conduction. Proc Natl Acad Sci 1957;43:998—-1007.

[15] Wakabayashi M, Ohwada T, Golse F. Numerical analysis of the shear and thermal creep flows of a rarefied gas
over the plane wall of a Maxwell-type boundary on the basis of the linearized Boltzmann equation for hard-sphere
molecules. Eur J] Mech B/Fluids 1996;15:175-201.

[16] Loyalka SK, Hickey KA. Plane Poiseuille flow: near continuum results for a rigid sphere gas. Physica A 1989;160:
395-408.

[17] Case KM, Zweifel PF. Linear transport theory. Reading MA: Addison-Wesley, 1967.

[18] Cercignani C. On the general solution of the steady linearized Boltzmann equation. In: Becker M, Fiebig M, editors.
Rarefied gas dynamics, vol. I. Porz-Wahn: DFLVR Press, 1974, p. A.9-1-A.9-11.

[19] Tricomi FG. Integral equations. New York: Interscience, 1957.

[20] Ohwada T, Sone Y. Analysis of thermal stress slip flow and negative thermophoresis using the Boltzmann equation
for hard-sphere molecules. Eur J] Mech B/Fluids 1992;11:389-414.

[21] Siewert CE. On computing the Chapman—Enskog functions for viscosity and heat transfer and the Burnett functions.
JQSRT 2002;74:789-96.

[22] Loyalka SK, Ferziger JH. Model dependence of the temperature slip coefficient. Phys Fluids 1968;11:1668-71.

[23] Simons S. Poiseuille gas flow in the transition regime I. Formulation of the general theory. Proc Roy Soc A
1967;301:387-400.



	Some comments on modeling the linearizedBoltzmann equation
	Introduction
	Some solutions
	A synthetic kernel
	Mean-free paths
	The CLF model
	An additional model equation
	Concluding remarks
	Acknowledgements
	References


