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Abstract

An ADO (analytical discrete ordinates) solution is used to establish a concise
and accurate result for a basic radiative transfer problem in a finite layer
described by the grey equation of transfer with general anisotropic scattering.
As a specific application, the solution is evaluated for the case of Fresnel
boundary conditions to yield numerical results (of a high standard) for several
specific cases.

PACS numbers: 42.25.Fx, 42.25.Gy, 44.40.+a

1. Introduction

We consider the problem to be defined by the grey equation of transfer [1]

L

po I+ 1) = ;,BZPI(H) /_11 PO pyde, (D)
for uw € [—1, 1] and 7 € (0, 19), and the boundary conditions

10, ) = Ri()1(0, —p) + Fi(p), w e (0, 1], (1.2a)
and

I(70, =) = Ro(u) I (1o, p) + Fa (1), w e (0, 1]. (1.2b)

Here 7 is the dimensionless spatial variable and the {f;} are the coefficients used to define an
Lth-order Legendre expansion of the scattering law. We consider that @ € [0, 1) is given,
along with L, 7y and the {8;}. In addition, we assume that the functions R;(u) R>(w), Fi(u)
and F>(w) are given. We seek only specific [2] surface results, viz,

1 1
A= / T ()1 (0, — oy dp + / R o du (13a)
0 0
and
1 1 .
B = / Ty (v, o dpt + f Ro( du, (1.3b)
0 0
where T7(w), Tr (1), ﬁl (n) and ﬁz(u) are considered given.
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In regard to the boundary conditions listed as equations (1.2), we note that the functions
Ry (w) and R, () are used to account for internal reflections at the two bounding surfaces, and
the functions F; () and F,(w) will be defined so as to incorporate the effects of transmission
of externally incident radiation through the boundaries. Considering equations (1.3), we note
that the functions 7;(un) and 7>(un) account for transmission from inside the layer through
the surfaces, while the functions ﬁl (n) and ﬁz () will be defined so as to account for external
reflections of the incoming radiation. While our formulation and solution of the problem
is general in the sense that the input functions Fj(n), Fa(w), Ri(w), Ra(w), Th (1), Tr(w),
ﬁl (n) and ﬁg(ﬂ) are not specified, these functions are all explicitly used for the specific case
of Fresnel boundary conditions for which our reported numerical calculation of the radiation
currents exiting the scattering layer is given.

2. A solution

Here we use the ADO version [3] of the discrete-ordinates method used [4] to solve
Chandrasekhar’s basic problem in radiative transfer [1]. Since much of what we require
here is already available [4], our presentation is brief. To begin we write
N
I.(v)= Z[A(,@i(uj) e TV 4+ B;®(v) e 0O/, 2.1
j=1
Here I.(7) are vectors the components of which are the intensities evaluated at £y, where
the {4} are the N quadrature points used to evaluate integrals defined on the interval [0, 1].
In addition, the separation constants v; and the elementary vectors ®. (v;) are as defined
previously [4]. Making use of the boundary conditions listed as equations (1.2), we find that
the constants {A;, B;} required to complete equation (2.1) are defined as the solutions to the
linear system listed as

N
Z{Aj[¢'+(vj) —Ri®_(v)]+Bj[®_(v)) — Ri®.(v))]e ™V} = Fy (2.2a)
Jj=1
and
N
S AR ) — Ro®y ()] ™" + B[ ®.(v)) — Ry®_(v))]} = F, (2.2b)
j=1
where
R, = diag{R, (1), Ry (12), ..., Ry (1un)} (2.3)
and
Fo = [Fu(u1) Fa(ua) -+ Fa(uw)1". (2.4)

The superscript 7 is used to denote the transpose operation. Once we have solved
equations (2.2) to establish the constants {A;, B;}, we can compute the desired results from

A

N 1
Z[Ap(ﬁ”+B,Y;”e—f0/“f]+/ Ri(w)pwdp (2.5a)
j=1 0

and

1
[A,x}2>e—f0/”f+B,X§2>]+/ Ry () du, (2.5b)
0

v
e

Jj=1
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where

XS = [wip Ty (1) wopa Ty (p2) - wy iy To ()18 (v;) (2.6a)
and

Vi = [wi Ta () wapaTo(ua) -+ wypen T (un)1@4(v;), (2.6b)

for o« = 1, 2. Here the {wy} are the weights that go with the nodes {1} to define the N-point
quadrature scheme.

3. A calculation

We consider the problem of Fresnel boundary conditions solved recently by Williams [2], and
so to report some numerical results we consider that the slab is surrounded by non-participating
media, that » is the index of refraction, and that

1o=10, @=09, FW=0 R(u=Rxnpw, Ru=Rmnw,

along with the definitions

R(n, 1) = 1+[G(n, w) — 11H[p — pe(m)], (3.1)
1 M—nf(n,u)]z [nu—fm,u)ﬂ
G(n, = — , 3.2
o1 2{[u+nf<n,m Tt fo G-
fn,w) =[1—n*(1 — pH]"72, (3.3)
and
pe(n) = (1 —1/n*)'/2, (34

We have used H (x) for the Heaviside step function. As noted by Williams [2], when the slab
is illuminated (say on the surface at t = 0) by an incident distribution given by v (1), then
we must use

Fi() = F(n, p) = n*[1 — R(n, w1Y{[1 — n*(1 — pH)]"2), (3.5

in the boundary condition listed as equation (1.2a). For this specific computation, we consider
isotropic incidence and write

v =2, (3.6)
and so, we obtain
F(n, ) = 2n’[1 — R(n, p)]. (3.7)

Continuing to follow Williams [2], we compute the total reflectance and transmittance for the
slab

1 1
An) = / (I = R(n, i)} (0, =) dpn +2/ G(1/n, pyudp (3-8)
0 0

and

1
B(n) = f [1— Rn, )1 (o, 102 dpa. (3.9)
0

Since

1
/ Y(wpdu =1, (3.10)
0
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Table 1. The reflection and transmission functions A(n) and B(n) for the case of isotropic
incidence with the Lth-order binomial scattering law, 7o = 1.0, and @ = 0.9.

A(n) B(n)

n L=0 L=10 L =100 L=0 L=10 L =100

1.0 3.527120(=1)  1.056963(—1) 2.078 116(—2) 4.747459(—1) 7.210146(—1)  8.087338(—1)
12 2951590(—1) 1.231536(—1) 7.508137(—2) 4.864328(—1)  6.724406(—1)  7.662932(—1)
4/3  2.845970(—1) 1.518604(—1)  1.092776(—1)  4.685624(—1)  6.247627(—1)  7.322807(—1)
1.4 2818441(—1) 1.647357(—1) 1.252187(—1) 4.579480(—1) 6.027303(—1)  7.155156(—1)
1.6 2.794295(—1) 1.988698(—1) 1.696890(—1) 4.241081(—1) 5.425879(—1)  6.666752(—1)
1.8 2.826753(—1) 2.278706(—1) 2.098356(—1) 3.905958(—1) 4.900438(—1)  6.206368(—1)
20  2.895234(—1) 2.530848(—1) 2.460557(—1) 3.592396(—1) 4.439980(—1) 5.778 185(—1)

the functions A(n) and B(n) are the normalized currents (or partial fluxes) leaving the slab.
The function A(n) has two components: one due to external reflection (of the incoming
distribution) at the surface and the other due to scattering within the slab. In this example,
the function B(n) is the result of the radiation passing through the slab. To complete the
description of our specific calculation, we use the binomial form [5]
L+
7L
to describe the scattering process. We note that ® is the scattering angle and that (here) L is
a nonnegative integer. It is known that equation (3.11) can be rewritten in terms of Legendre
polynomials as

p(cos ©®) = 1(1 +cos ®)F (3.11)

L
p(cos®) = > B P(cos ©), (3.12)
1=0
where, as reported by McCormick and Sanchez [6], the 8 coefficients can be computed from
the recursion formula

_(2+1 L+1-1 313
=g\ v )Pr G139

forl =1,2,..., L, with By = 1. Our numerical results for A(n) and B(n), thought to be
good to all figures listed, are shown (for three values of L) in the accompanying table 1. We
note that our results for L = 0 are consistent with Williams’ calculation [2].

While this computation required only a simple modification of the work given, say,
in [4], there was one especially interesting aspect of this calculation: since the derivative
of the function R(n, u) is discontinuous at u = u.(n), the standard Gauss—Legendre
quadrature scheme mapped onto the interval [0, 1] had to be modified. We simply used
a composite quadrature scheme with a breakpoint at © = u.(n). So, as in [7], the final
quadrature scheme used depended on the boundary condition (and computed quantities) as
well as the equation of transfer.

4. A closing comment

The author would like to point out that this work is considered a brief note, and so only a
modest attempt has been made to define the physical aspects of the problem—works by, say,
Aronson [8, 9], Elias and coworkers [10-12], and Jin and Stamnes [13], as well as the classical
text by Born and Wolf [14], could be consulted for more insight into physical and applicational
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aspects of Fresnel scattering. Having said that, we believe the reported numerical results that
include the effects of anisotropic scattering can be considered a contribution to the field.
Importantly, from the computational point-of-view, the fact that the quadrature scheme used
to define the final solution incorporated aspects of the boundary data is considered especially
noteworthy. As our solution to the single-layer problem for the case of Fresnel boundary
conditions yielded what we believe to be numerical results of a very high standard, we will
next be looking at the case of the two-layer and then the multi-layer version of this problem.
In this context, we should mention here the important works by Liou and Wu [15, 16], and
Caron, Andraud and Lafait [17].
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