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Abstract

The ADO (analytical discrete ordinates) method, a pre-processing procedure, and the break-point analysis developed for

azimuthally symmetric problems in a previous work are generalized and used to solve a radiative-transfer problem defined

by a finite, plane–parallel, multi-layer medium subject to Fresnel boundary and interface conditions and uniform

illumination in the form of obliquely incident parallel rays. Illumination is modeled by Dirac distributions in each of the

two angles (polar and azimuthal) that define the direction of propagation of the incident rays. Accurate numerical results

are tabulated for two sets of test problems.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Radiative transfer in a scattering and absorbing plane–parallel medium subject to uniform illumination in
the form of parallel rays impinging on one of its surfaces is basic to several areas of study [1–5]. The simplest
case where it can be assumed that there is no variation in the index of refraction has been extensively studied
by many authors, using various methods [6]. A few authors have been able to include the effects of changes in
the index of refraction in their analyses of radiative-transfer problems involving a single Fresnel interface
[7–9]. Other authors have done the same for problems defined in terms of two or more Fresnel boundaries/
interfaces [10–18]. However, among the works that take into account Fresnel conditions, only Refs. [8,9,13,14]
are concerned with the type of boundary condition that is of interest to us in this work, i.e. uniform
illumination by obliquely incident parallel rays.

In a recent work [18], we reported a general solution for the case of a medium composed of an arbitrary
number of dissimilar layers illuminated by azimuthally symmetric incident radiation. Here, we make use of
our basic analysis and extend it to the case of uniform illumination by obliquely incident parallel rays.
e front matter r 2008 Elsevier Ltd. All rights reserved.
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Our solution can be used for non-conservative (absorbing) layers as well as for conservative (non-absorbing)
layers and is based on the analytical discrete ordinates (ADO) method [19], a pre-processing procedure [18]
that allows us to write the Fresnel interface conditions in a way that avoids shifts in the polar angle as the
radiation crosses the interface between two layers with different indices of refraction, and a break-point
analysis [18] that results in an efficient interval partition scheme for overcoming a difficulty caused by the fact
that the derivative of the radiation intensity (with respect to the polar angle) can be discontinuous at the
boundaries and interfaces of a medium subject to Fresnel conditions.

In addition to our general development, we should make it clear that our goal in this work was similar to
that of our previous work [18], namely to generate results of the highest possible accuracy (but obtained in a
reasonable computer time) with two purposes: (i) to test the implementation of our analysis as thoroughly as
possible and (ii) to provide reference results that could be used for assessing the accuracy of other
implementations and methods.

2. Mathematical formulation

To define our notation, we consider that the medium is composed of K distinct layers and that in each layer
the radiation field is described by the monochromatic or gray equation of transfer, which we write, for layer k,
as [1]

m
q
qt

Ikðt;m;fÞ þ Ikðt;m;fÞ ¼
$k

4p

Z 1

�1

Z 2p

0

pkðX
0
�XÞIkðt; m0;f

0
Þdf0 dm0, (2.1)

for t 2 ðak�1; akÞ, m 2 ½�1; 1�, and f 2 ½0; 2p�. Note that Eq. (2.1) applies to k ¼ 1; 2; . . . ;K , a0 defines the
location of the surface of the first layer, a1; a2; . . . ; aK�1 define the locations of the interfaces between layers,
and aK is the location of the surface of the last layer. In addition, t is the optical variable defined for each layer
as in Ref. [18], $k 2 ½0; 1� is the single-scattering albedo (for layer k) and pkðX

0
�XÞ is the phase function

(for layer k) that we assume depends only on the scattering angle Y defined by

cosY ¼ X0 �X, (2.2)

where X0 and X are unit vectors that define the directions of propagation (of the radiation) before and after a
scattering event. Note that we use the polar and azimuthal angles, y ¼ arccos m and f, to define the direction
X, whereas y0 ¼ arccos m0 and f0 define the direction X0.

We consider phase functions that can be represented by truncated Legendre-polynomial expansions of
the form

pkðX
0
�XÞ ¼

XLk

l¼0

bk;lPlðcosYÞ, (2.3)

where fbk;lg are the expansion coefficients for layer k, so that we can use the addition theorem for the Legendre
polynomials to write

pkðX
0
�XÞ ¼

XLk

m¼0

ð2� d0;mÞ
XLk

l¼m

bk;lP
m
l ðm
0ÞPm

l ðmÞ cos½mðf
0
� fÞ�, (2.4)

where di;j denotes the Kronecker delta and

Pm
l ðmÞ ¼

ðl �mÞ !

ðl þmÞ !

� �1=2
ð1� m2Þm=2

dm

dmm
PlðmÞ (2.5)

is used to denote the normalized Legendre function.
In regard to the boundary (surface) conditions, we assume there is incident on the surface located at t ¼ a0,

from an external medium characterized by an index of refraction n0, a known distribution of radiation
described by

c0ðm;fÞ ¼ dðm� m0Þdðf� f0Þ, (2.6)
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for m;m0 2 ð0; 1� and f;f0 2 ½0; 2p�. Here, y0, with m0 ¼ cos y0, and f0 are the polar and azimuthal angles that
define the direction of propagation of the incoming parallel rays. In addition, we consider that there is no
radiation incident on the surface located at t ¼ aK from an external medium characterized by an index of
refraction nKþ1. And so, using the Fresnel and Snell laws and the definitions [18]

X ðn;mÞ ¼
Gðn; mÞ; np1;

Rðn;mÞ; nX1;

(
(2.7)

and

Y ðn;mÞ ¼ n2½1� X ðn;mÞ�, (2.8)

where

Gðn; mÞ ¼
1

2

m� nf ðn;mÞ
mþ nf ðn;mÞ

� �2
þ

nm� f ðn;mÞ
nmþ f ðn;mÞ

� �2( )
(2.9)

and

Rðn;mÞ ¼ 1þ ½Gðn; mÞ � 1�H½m� mcðnÞ�, (2.10)

with HðxÞ denoting the Heaviside step function,

mcðnÞ ¼ ð1� 1=n2Þ
1=2, (2.11)

and

f ðn;mÞ ¼ ½1� n2ð1� m2Þ�1=2, (2.12)

we can express these conditions as

I1ða0; m;fÞ ¼ X ðn1;0; mÞI1ða0;�m;fÞ þ Y ðn1;0; mÞd½f ðn1;0;mÞ � m0�dðf� f0Þ (2.13a)

and

IK ðaK ;�m;fÞ ¼ X ðnK ;Kþ1;mÞIK ðaK ;m;fÞ, (2.13b)

for m 2 ð0; 1� and f 2 ½0; 2p�. In our notation, the X and Y functions represent the Fresnel reflection and
transmission coefficients and

na;b ¼ na=nb, (2.14)

where na and nb denote the indices of refraction for layers a and b, respectively. We note that by taking
nK ;Kþ1 ¼ 1 we can simulate a black surface at t ¼ aK , a case of possible interest for ocean studies. We also note
that the driving term in Eq. (2.13a) is zero if

m0pð1� n2
1;0Þ

1=2 and n1;0o1. (2.15)

And so, if n1;0o1, there is no problem to solve unless

m04ð1� n2
1;0Þ

1=2. (2.16)

At each of the interfaces, the conditions are similar to Eqs. (2.13), except that intensities with shifts in the
polar angle are required, and the known driving term is not present. We have [18]

Ikðak;�m;fÞ ¼ X ðnk;kþ1;mÞIkðak; m;fÞ þ Y ðnk;kþ1; mÞIkþ1½ak;�f ðnk;kþ1; mÞ;f� (2.17a)

and

Ikþ1ðak;m;fÞ ¼ X ðnkþ1;k; mÞIkþ1ðak;�m;fÞ þ Y ðnkþ1;k; mÞIk½ak; f ðnkþ1;k;mÞ;f�, (2.17b)

for m 2 ð0; 1�, f 2 ½0; 2p�, and k ¼ 1; 2; . . . ;K � 1.
We can easily generalize the pre-processing procedure reported in Ref. [18] and express all of the boundary/

interface conditions as

Ikðak�1;m;fÞ � Z�k ðmÞIkðak�1;�m;fÞ ¼ V�k ðm;fÞ þW�
k ðm;fÞ (2.18a)
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and

Ikðak;�m;fÞ � Zþk ðmÞIkðak;m;fÞ ¼Wþ
k ðm;fÞ, (2.18b)

for m 2 ð0; 1�, f 2 ½0; 2p�, and k ¼ 1; 2; . . . ;K . Here the Z functions are defined by the following recursive
schemes:

Z�1 ðmÞ ¼ X ðn1;0;mÞ, (2.19a)

ZþK ðmÞ ¼ X ðnK ;Kþ1; mÞ, (2.19b)

Z�k ðmÞ ¼ X ðnk;k�1;mÞ þ Y ðnk;k�1;mÞL�k ½f ðnk;k�1;mÞ�; k ¼ 2; 3; . . . ;K , (2.20a)

and

Zþk ðmÞ ¼ X ðnk;kþ1;mÞ þ Y ðnk;kþ1;mÞLþk ½f ðnk;kþ1;mÞ�; k ¼ K � 1; K � 2; . . . ; 1, (2.20b)

where

L�k ðxÞ ¼ X�k ðxÞZ
�
k�1ðxÞY ðnk�1;k; xÞe�2Dk�1=x (2.21a)

and

Lþk ðxÞ ¼ Xþk ðxÞZ
þ
kþ1ðxÞY ðnkþ1;k; xÞe�2Dkþ1=x, (2.21b)

with Dk ¼ ak � ak�1,

X�k ðxÞ ¼ ½1� Z�k�1ðxÞX ðnk�1;k; xÞe�2Dk�1=x��1, (2.22a)

and

Xþk ðxÞ ¼ ½1� Zþkþ1ðxÞX ðnkþ1;k; xÞe�2Dkþ1=x��1. (2.22b)

For the considered case where the radiation incident on the surface is given by Eq. (2.6), we find that the V

functions are given by

V�k ðm;fÞ ¼ Fkdðm� mkÞdðf� f0Þ, (2.23)

where

mk ¼ f ðn0;k;m0Þ (2.24)

and

Fk ¼
mk�1

n2
k;k�1mk

 !
Y ðnk;k�1; mkÞX

�
k ðmk�1Þe

�Dk�1=mk�1

" #
Fk�1, (2.25)

for k ¼ 2; 3; . . . ;K , with

F1 ¼
m0

n2
1;0m1

Y ðn1;0; m1Þ. (2.26)

Note that there are two ways that V�k ðm;fÞ can be zero: the term dðm� mkÞ in Eq. (2.23) can be zero or F k can
be zero. We find, first of all, that

dðm� mkÞ ¼ 0; m 2 ð0; 1�, (2.27)

if

m0pð1� n2
k;0Þ

1=2; nk;0o1. (2.28)

Now, in regard to F k, we see from Eq. (2.25) that we can write

Fk ¼ CkY ðn1;0;m1ÞY ðn2;1; m2Þ � � �Y ðnk;k�1;mkÞ, (2.29)

where Cka0. It follows that Fk will be zero if

Y ðna;a�1; maÞ ¼ 0, (2.30)
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for any a 2 f1; 2; . . . ; kg. For Y ðna;a�1;maÞ to be zero, we must have na�1;ao1. Then we must also have

mapð1� n2
a�1;aÞ

1=2 (2.31)

or

½1� n2
0;að1� m20Þ�

1=2pð1� n2
a�1;aÞ

1=2. (2.32)

And, so we must have

m20Xð1� n2
a;0Þ. (2.33)

If na;0o1, then

Fk ¼ 0 (2.34)

only if, for k41,

ð1� n2
a;0Þ

1=2pm0pð1� n2
a�1;0Þ

1=2; na;0o1; na�1;0o1; and na�1;ao1, (2.35)

for any a 2 f2; 3; . . . ; kg. If na;0X1, then

Fk ¼ 0 (2.36)

only if, for k41,

0om0pð1� n2
a�1;0Þ

1=2; na;0X1; na�1;0o1; and na�1;ao1, (2.37)

for any a 2 f2; 3; . . . ; kg. In regard to Eq. (2.35), we see that the condition na�1;0o1 can be omitted. Note that
we have used the facts that Eqs. (2.35) and (2.37) cannot be satisfied for a ¼ 1. To summarize: we find that

V�k ðm;fÞ ¼ 0 (2.38)

if any of the conditions defined by Eqs. (2.28), (2.35), and (2.37) is satisfied.
Finally, the W functions that appear on the right-hand sides of Eqs. (2.18) are defined by

W�
1 ðm;fÞ ¼ 0, (2.39a)

Wþ
K ðm;fÞ ¼ 0, (2.39b)

W�
k ðm;fÞ ¼ Y ðnk;k�1;mÞO�k ½f ðnk;k�1;mÞ;f�; k ¼ 2; 3; . . . ;K , (2.40a)

and

Wþ
k ðm;fÞ ¼ Y ðnk;kþ1;mÞOþk ½f ðnk;kþ1;mÞ;f�; k ¼ K � 1;K � 2; . . . ; 1, (2.40b)

where

O�k ðx;fÞ ¼ X�k ðxÞfQ
þ
k�1ðx;fÞ þ ½Z

�
k�1ðxÞQ

�
k�1ðx;fÞ þW�

k�1ðx;fÞ�e
�Dk�1=xg (2.41a)

and

Oþk ðx;fÞ ¼ Xþk ðxÞfQ
�
kþ1ðx;fÞ þ ½Z

þ
kþ1ðxÞQ

þ
kþ1ðx;fÞ þWþ

kþ1ðx;fÞ�e
�Dkþ1=xg. (2.41b)

Here

Qþk ðm;fÞ ¼
1

m

Z ak

ak�1

Fkðt;m;fÞe�ðak�tÞ=m dt (2.42a)

and

Q�k ðm;fÞ ¼
1

m

Z ak

ak�1

Fkðt;�m;fÞe�ðt�ak�1Þ=m dt, (2.42b)
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where

Fkðt;m;fÞ ¼
$k

4p

XLk

m¼0

ð2� d0;mÞ
XLk

l¼m

bk;lP
m
l ðmÞ

Z 1

�1

Z 2p

0

Pm
l ðm
0Þ cos½mðf0 � fÞ�Ikðt;m0;f

0
Þdf0 dm0. (2.43)

3. Problem decomposition

Following and generalizing (for problems subject to Fresnel boundary and interface conditions) the classical
approach of Chandrasekhar [1], we begin by decomposing the radiation intensity in each layer into
unscattered and scattered components, viz.

Ikðt;m;fÞ ¼ I
ð0Þ
k ðt;m;fÞ þ I

ð�Þ

k ðt; m;fÞ. (3.1)

In this expression, I
ð0Þ
k ðt; m;fÞ denotes the unscattered component of the intensity in layer k, i.e. the solution of

Eq. (2.1) with $k ¼ 0 subject to Eqs. (2.18) with W�
k ðm;fÞ ¼ 0. We can readily solve these equations to find

I
ð0Þ
k ðt;m;fÞ ¼ Sþk e

�ðt�ak�1Þ=mkdðm� mkÞdðf� f0Þ (3.2a)

and

I
ð0Þ
k ðt;�m;fÞ ¼ S�k e

�ðak�tÞ=mkdðm� mkÞdðf� f0Þ, (3.2b)

for t 2 ½ak�1; ak�, m 2 ð0; 1�, and f 2 ½0; 2p�. Here

Sþk ¼ F kUkðmkÞ (3.3a)

and

S�k ¼ F kUkðmkÞZ
þ
k ðmkÞe

�Dk=mk , (3.3b)

where

UkðmÞ ¼ ½1� Z�k ðmÞZ
þ
k ðmÞe

�2Dk=m��1. (3.4)

In addition, the term I
ð�Þ

k ðt; m;fÞ in Eq. (3.1) denotes the scattered component of the intensity in layer k and
can be determined by solving

m
q
qt

I
ð�Þ

k ðt; m;fÞ þ I
ð�Þ

k ðt;m;fÞ ¼
$k

4p

XLk

m¼0

ð2� d0;mÞ
XLk

l¼m

bk;lP
m
l ðmÞ

�

Z 1

�1

Z 2p

0

Pm
l ðm
0Þ cos½mðf0 � fÞ�I ð�Þk ðt; m

0;f0Þdf0 dm0 þCkðt;m;fÞ, (3.5)

for t 2 ðak�1; akÞ, m 2 ½�1; 1�, f 2 ½0; 2p�, and

Ckðt;m;fÞ ¼
$k

4p

XLk

m¼0

ð2� d0;mÞ
XLk

l¼m

bk;l ½S
þ
k e
�ðt�ak�1Þ=mk þ ð�1Þl�mS�k e

�ðak�tÞ=mk �Pm
l ðmÞP

m
l ðmkÞ cos½mðf� f0Þ�,

(3.6)

subject to

I
ð�Þ

k ðak�1; m;fÞ � Z�k ðmÞI
ð�Þ

k ðak�1;�m;fÞ ¼ bW�
k ðm;fÞ (3.7a)

and

I
ð�Þ

k ðak;�m;fÞ � Zþk ðmÞI
ð�Þ

k ðak;m;fÞ ¼ bWþ
k ðm;fÞ, (3.7b)

for m 2 ð0; 1� and f 2 ½0; 2p�. Here, the bW functions are (as are the W functions) defined by Eqs. (2.39)–(2.43),
except that the source term Ckðt; m;fÞ should be added to the right-hand side of Eq. (2.43) and I

ð�Þ

k ðt;m;fÞ
should replace Ikðt;m;fÞ in the integrand of Eq. (2.43).
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Next, taking note of the form of the source expressed by Eq. (3.6), we can use the (finite) Fourier
decomposition

I
ð�Þ

k ðt;m;fÞ ¼
1

2p

XLmax

m¼0

ð2� d0;mÞIm
k ðt; mÞ cos½mðf� f0Þ�, (3.8)

where Lmax ¼ maxfL1;L2; . . . ;LKg, to reduce the scattered problem defined by Eqs. (3.5)–(3.7) to a set of
Lmax þ 1 azimuthally independent problems formulated, for m ¼ 0; 1; . . . ;Lmax, by

m
q
qt

Im
k ðt; mÞ þ Im

k ðt;mÞ ¼
$k

2

XLk

l¼m

bk;lP
m
l ðmÞ

Z 1

�1

Pm
l ðm
0ÞIm

k ðt;m
0Þdm0 þCm

k ðt;mÞ, (3.9)

for t 2 ðak�1; akÞ, m 2 ½�1; 1�, and

Cm
k ðt;mÞ ¼

$k

2

XLk

l¼m

bk;l ½S
þ
k e
�ðt�ak�1Þ=mk þ ð�1Þl�mS�k e

�ðak�tÞ=mk �Pm
l ðmÞP

m
l ðmkÞ, (3.10)

subject to

Im
k ðak�1;mÞ � Z�k ðmÞI

m
k ðak�1;�mÞ ¼W�

k;mðmÞ (3.11a)

and

Im
k ðak;�mÞ � Zþk ðmÞI

m
k ðak; mÞ ¼Wþ

k;mðmÞ, (3.11b)

for m 2 ð0; 1�. Here, the W functions are to be computed from

W�
1;mðmÞ ¼ 0, (3.12a)

Wþ
K ;mðmÞ ¼ 0, (3.12b)

W�
k;mðmÞ ¼ Y ðnk;k�1; mÞO�k;m½f ðnk;k�1;mÞ�; k ¼ 2; 3; . . . ;K , (3.13a)

and

Wþ
k;mðmÞ ¼ Y ðnk;kþ1; mÞOþk;m½f ðnk;kþ1;mÞ�; k ¼ K � 1;K � 2; . . . ; 1, (3.13b)

where

O�k;mðxÞ ¼ X�k ðxÞfQ
þ
k�1;mðxÞ þ ½Z

�
k�1ðxÞQ

�
k�1;mðxÞ þW�

k�1;mðxÞ�e
�Dk�1=xg (3.14a)

and

Oþk;mðxÞ ¼ Xþk ðxÞfQ
�
kþ1;mðxÞ þ ½Z

þ
kþ1ðxÞQ

þ
kþ1;mðxÞ þWþ

kþ1;mðxÞ�e
�Dkþ1=xg. (3.14b)

Here

Qþk;mðmÞ ¼
1

m

Z ak

ak�1

Fm
k ðt;mÞe

�ðak�tÞ=m dt (3.15a)

and

Q�k;mðmÞ ¼
1

m

Z ak

ak�1

Fm
k ðt;�mÞe

�ðt�ak�1Þ=m dt, (3.15b)

where

Fm
k ðt; mÞ ¼ Cm

k ðt;mÞ þ
$k

2

XLk

l¼m

bk;lP
m
l ðmÞ

Z 1

�1

Pm
l ðm
0ÞIm

k ðt;m
0Þdm0. (3.16)

Note that, because of the coupling between layers introduced by the W functions defined by the recursive
scheme of Eqs. (3.12)–(3.16), we have to solve Lmax þ 1 Fourier component problems for each of the K layers.
While the component problems with Fourier index LkompLmax for layer k could, in principle, be solved
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analytically, we find it more convenient (from a computational point-of-view) to use the ADO version [19] of
the discrete-ordinates method to solve (in the same way) all of the problems.
4. An ADO solution for the Fourier component problems

In order to solve the set of Fourier component problems defined by Eqs. (3.9)–(3.11), we use the ADO
version [19] of the discrete-ordinates method that was used a few years ago [20] to solve Chandrasekhar’s basic
problem in radiative transfer [1]. Since the basic material on the ADO solution that we need here has been
presented in detail in previous works [19,20], our presentation of this material can be brief.

We first consider the case of a non-conservative layer ($ka1). To obtain our discrete-ordinates version of
Eq. (3.9), we start by splitting the interval of integration ½�1; 1� in that equation into two half-range intervals
and applying the transformation m!�m to the negative interval, to be able to express the integral term of
Eq. (3.9) in terms of a sum of two integral terms defined over the positive interval ½0; 1�. Next, we approximate
the m-integration over the interval ½0; 1� by a composite quadrature of order Nk with nodes and weights Zi and
wi, i ¼ 1; 2; . . . ;Nk. Such a quadrature scheme is obtained from an application of the break-point analysis of
Ref. [18], which, as mentioned in the Introduction, allows us to subdivide the interval ½0; 1� into a number of
subintervals, say sk, the boundaries of which are chosen so as to avoid integration across the discontinuities in
the (polar) derivatives of the radiation intensities that are caused by changes in the index of refraction. The use
of a standard Gauss–Legendre quadrature of order M, mapped (linearly) onto each of the sk subintervals,
results in a composite quadrature of order Nk ¼ skM. As we end up using a different quadrature scheme for
each layer (the number and location of the break points are layer-dependent), we could have affixed an index k

to the quadrature nodes fZig and the quadrature weights fwig. However, we prefer not to do so in order to
avoid clumsy notation.

Continuing, we write our ADO solution to the discrete-ordinates version of Eq. (3.9) so obtained as

Im
k ðt;�ZiÞ ¼

XNk

j¼1

½Am
k;jf

m
k ðnk;j ;�ZiÞe

�ðt�ak�1Þ=nk;j þ Bm
k;jf

m
k ðnk;j ;�ZiÞe

�ðak�tÞ=nk;j �

þ
XNk

j¼1

½Am
k;jðtÞf

m
k ðnk;j ;�ZiÞ þBm

k;jðtÞf
m
k ðnk;j ;�ZiÞ�, (4.1)

for t 2 ½ak�1; ak�. We note that the first summation on the right-hand side of this expression is the ADO
solution of the homogenous form of the discrete-ordinates version of Eq. (3.9) and the second summation is a
particular ADO solution of the discrete-ordinates version of Eq. (3.9). In addition, we note that the separation
constants fnk;jg and the elementary solutions ffm

k ðnk;j ;�ZiÞg can be determined by solving an eigensystem of
order Nk as explained in detail in Ref. [20], the coefficients fAm

k;jðtÞg and fB
m
k;jðtÞg of the particular solution can

be determined by slightly modifying the infinite-medium Green’s function approach developed in Ref. [21] for
treating a source located in a spatial interval defined by t 2 ð0; t0Þ and used in Ref. [20] to solve a single-layer
problem, and the coefficients fAm

k;jg and fB
m
k;jg of the homogeneous solution are to be determined from a

discrete-ordinates version of the Fresnel boundary/interface conditions expressed by Eqs. (3.11). Again, in
order to avoid clumsy notation, we have suppressed the index m that should, in principle, be affixed to the
separation constants fnk;jg. Also, as we may eventually wish to use different quadrature orders for solving
component problems with different Fourier indices, we should keep in mind that the number of quadrature
points per subinterval (M) and the quadrature order (Nk) may depend on m.

While we believe that the procedure used to compute the separation constants and elementary solutions has
been reported with sufficient detail in Ref. [20], we intend to be more explicit here with regard to the
coefficients of our particular solution. We begin by rewriting, for a source Cm

k ðt;mÞ in layer k, the expressions
given in Ref. [20] for these coefficients as

Am
k;jðtÞ ¼

1

Nm
k ðnk;jÞ

Z t

ak�1

XNk

i¼1

wi½Cm
k ðx; ZiÞf

m
k ðnk;j ; ZiÞ þCm

k ðx;�ZiÞf
m
k ðnk;j ;�ZiÞ�e

�ðt�xÞ=nk;j dx (4.2a)
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and

Bm
k;jðtÞ ¼

1

Nm
k ðnk;jÞ

Z ak

t

XNk

i¼1

wi½Cm
k ðx; ZiÞf

m
k ðnk;j ;�ZiÞ þCm

k ðx;�ZiÞf
m
k ðnk;j ; ZiÞ�e

�ðx�tÞ=nk;j dx, (4.2b)

where t 2 ½ak�1; ak� and

Nm
k ðnk;jÞ ¼

XNk

i¼1

wiZif½f
m
k ðnk;j ; ZiÞ�

2 � ½fm
k ðnk;j ;�ZiÞ�

2g. (4.3)

Substituting Eq. (3.10) into Eqs. (4.2) and performing the integrations, we find

Am
k;jðtÞ ¼

mknk;j

Nm
k ðnk;jÞ

½Sþk Cðt� ak�1 : nk;j ;mkÞG
þ
k;mðmk; nk;jÞ þ S�k e

�ðak�tÞ=mk Sðt� ak�1 : nk;j ;mkÞG
�
k;mðmk; nk;jÞ�

(4.4a)

and

Bm
k;jðtÞ ¼

mknk;j

Nm
k ðnk;jÞ

½Sþk e
�ðt�ak�1Þ=mk Sðak � t : nk;j ;mkÞG

�
k;mðmk; nk;jÞ þ S�k Cðak � t : nk;j ;mkÞG

þ
k;mðmk; nk;jÞ�,

(4.4b)

where

Sðt : n; mÞ ¼
1� e�t=ne�t=m

nþ m
, (4.5a)

Cðt : n; mÞ ¼
e�t=n � e�t=m

n� m
, (4.5b)

and

G�k;mðm; nÞ ¼
$k

2

XLk

l¼m

ð�1Þl�mbk;lP
m
l ðmÞG

m
k;lðnÞ, (4.6)

with

Gm
k;lðnÞ ¼

XNk

i¼1

wiP
m
l ðZiÞ½f

m
k ðn; ZiÞ þ ð�1Þ

l�mfm
k ðn;�ZiÞ�. (4.7)

In order to complete the solution listed as Eq. (4.1), we must determine, for each of the K regions, the
coefficients fAm

k;jg and fB
m
k;jg of the homogeneous solution. For this purpose, we substitute Eq. (4.1) into

discrete-ordinates versions of Eqs. (3.11) evaluated at m ¼ Zi, i ¼ 1; 2; . . . ;Nk, to obtain a system of 2Nk linear
equations for layer k which we can write in matrix notation as

Uþk;m � Z�k U�k;m ½U�k;m � Z�k Uþk;m�Dk

½U�k;m � Zþk Uþk;m�Dk Uþk;m � Zþk U�k;m

 !
Am

k

Bm
k

 !
¼

R�k;m

Rþk;m

 !
, (4.8)

where U�k;m are Nk �Nk matrices with ij elements fm
k ðnk;j ;�ZiÞ, Z�k and Dk are diagonal matrices of order Nk

whose i-th elements on the diagonals are, respectively, Z�k ðZiÞ and exp½�Dk=nk;i�, and Am
k and Bm

k are
Nk-vectors whose i-th components are, respectively, Am

k;i and Bm
k;i. In addition, the Nk-vectors R�k;m and Rþk;m

can be expressed as

R�k;m ¼W�
k;m � ½U

�
k;m � Z�k Uþk;m�B

m
k ðak�1Þ (4.9a)

and

Rþk;m ¼Wþ
k;m � ½U

�
k;m � Zþk Uþk;m�A

m
k ðakÞ, (4.9b)

where the Nk-vectors W�
k;m, A

m
k ðakÞ, and Bm

k ðak�1Þ have, respectively, W�
k;mðZiÞ,A

m
k;iðakÞ, andBm

k;iðak�1Þ as i-th
components.
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By solving the systems of linear equations defined by Eq. (4.8) for k ¼ 1; 2; . . . ;K , we can find the vectors
fAm

k g and fB
m
k g, and therefore the coefficients of the homogeneous solution that are needed to complete

the solution given by Eq. (4.1). However, there is a difficulty: only the second terms on the right-hand sides of
Eqs. (4.9) are known, and so these systems cannot be solved directly. The first terms, W�

k;m, are vectors that
have as elements the W functions defined by the recursive schemes of Eqs. (3.12)–(3.16), and so, for a given
layer, they depend on the coefficients of the homogeneous solutions of all the other layers. Since these
coefficients are not known at this point, our way of solving the linear systems defined by Eq. (4.8) for
k ¼ 1; 2; . . . ;K will be iterative.

Our iterative procedure can be explained as follows. For a given value of m, we start by taking W�
k;m ¼ 0

in Eqs. (4.9), and we then solve the resulting systems of linear algebraic equations for k ¼ 1; 2; . . . ;K , as in
Ref. [18], using a ‘‘left–right’’ sweep followed by a ‘‘right–left’’ sweep through the layers [22] to find first
estimates for fAm

k g and fB
m
k g, k ¼ 1; 2; . . . ;K . These estimates are then used for computing improved estimates

of W�
k;m, by means of Eqs. (3.12)–(3.15) with the Q functions expressed as

Qþk;mðmÞ ¼ Uþk;mðDk : m;mkÞ þ
XNk

j¼1

nk;j½A
m
k;jCðDk : nk;j ;mÞGþk;mðm; nk;jÞ

þ Bm
k;jSðDk : nk;j ;mÞG�k;mðm; nk;jÞ þ Tþk;mðDk : m; nk;jÞ� (4.10a)

and

Q�k;mðmÞ ¼ U�k;mðDk : m;mkÞ þ
XNk

j¼1

nk;j½A
m
k;jSðDk : nk;j ; mÞG�k;mðm; nk;jÞ

þ Bm
k;jCðDk : nk;j ;mÞGþk;mðm; nk;jÞ þ T�k;mðDk : m; nk;jÞ�, (4.10b)

where

Uþk;mðt : m; xÞ ¼ x½Sþk Cðt : x; mÞPþk;mðm; xÞ þ S�k e
�ðDk�tÞ=xSðt : x;mÞP�k;mðm; xÞ�, (4.11a)

U�k;mðt : m; xÞ ¼ x½Sþk e
�ðDk�tÞ=xSðt : x;mÞP�k;mðm; xÞ þ S�k Cðt : x;mÞPþk;mðm; xÞ�, (4.11b)

and

T�k;mðt : m; nÞ ¼ ½S
�
k X

m
k;jðt;mÞ þ S�k W

m
k;jðt; mÞ�G

þ
k;mðm; nÞ þ ½S

�
k Y

m
k;jðt;mÞ þ S�k Z

m
k;jðt;mÞ�G

�
k;mðm; nÞ. (4.12)

Here, we define

P�k;mðm; xÞ ¼
$k

2

XLk

l¼m

ð�1Þl�mbk;lP
m
l ðmÞP

m
l ðxÞ, (4.13)

Xm
k;jðt;mÞ ¼

mk

Nm
k ðnk;jÞ

nk;jCðt : nk;j ;mÞ � mkCðt : mk;mÞ
nk;j � mk

� �
Gþk;mðmk; nk;jÞ, (4.14a)

Ym
k;jðt;mÞ ¼

mk

Nm
k ðnk;jÞ

mkCðt : mk;mÞ � nk;je
�ðDk�tÞ=nk;je�Dk=mk Sðt : nk;j ;mÞ
nk;j þ mk

� �
G�k;mðmk; nk;jÞ, (4.14b)

Zm
k;jðt; mÞ ¼

mk

Nm
k ðnk;jÞ

nk;je
�ðDk�tÞ=nk;j Sðt : nk;j ;mÞ � mke

�ðDk�tÞ=mk Sðt : mk;mÞ
nk;j � mk

� �
Gþk;mðmk; nk;jÞ, (4.14c)

and

Wm
k;jðt; mÞ ¼

mk

Nm
k ðnk;jÞ

mke
�ðDk�tÞ=mk Sðt : mk;mÞ � nk;je

�Dk=mk Cðt : nk;j ;mÞ
nk;j þ mk

� �
G�k;mðmk; nk;jÞ. (4.14d)

The foregoing procedure is repeated until some convergence criteria for the vectors fAm
k g and fB

m
k g is met for

all k. Doing the same for all required values of m, we obtain all of the coefficients fAm
k;jg and fB

m
k;jg that are
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needed in our solution of the scattered problem. Finally, to complete the description of our iterative scheme of
solving Eq. (4.8) for k ¼ 1; 2; . . . ;K , we should make it clear that only one LU factorization [23] per layer is
required, for a given value of m. The ‘‘left–right’’ and ‘‘right–left’’ sweeps through the layers involve only
matrix-vector multiplications.

We now discuss the modifications that are required in our solution to handle the case of a conservative
layer, $k ¼ 1. As discussed in previous works [18,20], the problem with the conservative case is that one of the
separation constants becomes unbounded when $k ¼ 1 and m ¼ 0. To overcome this difficulty, we follow
Refs. [18,20] and replace the terms associated with the unbounded separation constant, say nk;1, in the
homogenous ADO solution by the exact solutions 1 and t� 3m=hk;1, where

hk;1 ¼ 3� bk;1. (4.15)

Of course, we must also replace the terms associated with the unbounded separation constant in our particular
ADO solution. As the conservative case is not explicitly treated in Ref. [21], we have worked out the changes
needed in the infinite-medium Green’s function approach of Ref. [21] to find the required replacing terms. We
thus rewrite Eq. (4.1) for $k ¼ 1 and m ¼ 0 as

Ikðt;�ZiÞ ¼ Ih
kðt;�ZiÞ þ

XNk

j¼2

½Ak;jfkðnk;j ;�ZiÞe
�ðt�ak�1Þ=nk;j þ Bk;jfkðnk;j ;�ZiÞe

�ðak�tÞ=nk;j �

þ I
p
kðt;�ZiÞ þ

XNk

j¼2

½Ak;jðtÞfkðnk;j ;�ZiÞ þBk;jðtÞfkðnk;j ;�ZiÞ�, (4.16)

where

Ih
kðt; mÞ ¼ Ak;1 þ Bk;1ðt� 3m=hk;1Þ (4.17)

and

I
p
kðt; mÞ ¼ �ð3=2Þmk½ðmk þ mÞSþk e

�ðt�ak�1Þ=mk þ ðmk � mÞS�k e
�ðak�tÞ=mk �. (4.18)

Note that, to simplify our notation, we have omitted the index m in Eq. (4.16). Hereafter in this section, the
absence of the index m in the notation of some quantities implies that these quantities are being considered for
m ¼ 0.

From this point on, we proceed in exactly the same way as for the non-conservative case. We use Eqs. (4.4)
for m ¼ 0 to express the coefficients Ak;jðtÞ and Bk;jðtÞ, j ¼ 2; 3; . . . ;Nk, that appear in Eq. (4.16) and
substitute the resulting equation into discrete-ordinates versions of Eqs. (3.11) evaluated at m ¼ Zi,
i ¼ 1; 2; . . . ;Nk, to obtain a linear system of 2Nk equations for the 2Nk coefficients Ak;j and Bk;j,
j ¼ 1; 2; . . . ;Nk. Only the first rows of the four submatrices of order Nk that make up the 2Nk � 2Nk

coefficient matrix on the left-hand side of Eq. (4.8) and the first components of the right-hand side vectors R�k;m
and Rþk;m are different in this case. With regard to the computation of the first components of the W�

k;m vectors
by the recursive schemes of Eqs. (3.12)–(3.15), we can still use Eqs. (4.10) to express the required Q functions,
provided the summations in these equations are started at j ¼ 2 and the new terms

Eþk ðmÞ ¼ ½Ak;1 þ Bk;1ðak�1 � 3m=hk;1Þð1� e�Dk=mÞ þ Bk;1Dk

� ð1=2Þm2k½ð3mk þ bk;1mÞS
þ
k CðDk : mk;mÞ þ ð3mk � bk;1mÞS

�
k SðDk : mk;mÞ� (4.19a)

and

E�k ðmÞ ¼ ½Ak;1 þ Bk;1ðak þ 3m=hk;1Þð1� e�Dk=mÞ � Bk;1Dk

� ð1=2Þm2k½ð3mk � bk;1mÞS
þ
k SðDk : mk; mÞ þ ð3mk þ bk;1mÞS

�
k CðDk : mk;mÞ� (4.19b)

are added, respectively, to the right-hand side of Eq. (4.10a) and the right-hand side of Eq. (4.10b).
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5. Quantities of interest

As shown in Section 3, the radiation intensity in layer k can be expressed as

Ikðt;m;fÞ ¼ I
ð0Þ
k ðt;m;fÞ þ

1

2p

XLmax

m¼0

ð2� d0;mÞIm
k ðt;mÞ cos½mðf� f0Þ�, (5.1)

for t 2 ½ak�1; ak�, �m 2 ð0; 1�, and f 2 ½0; 2p�. Here, the term I
ð0Þ
k ðt;m;fÞ is the unscattered intensity, as given

explicitly by Eqs. (3.2), and the summation term is the Fourier-decomposed scattered intensity I
ð�Þ

k ðt; m;fÞ, as
given by Eq. (3.8). The ADO solution that is expressed for $ka1 and for $k ¼ 1 and ma0 by Eq. (4.1) and
for $k ¼ 1 and m ¼ 0 by Eq. (4.16) can be used, after the unknown coefficients in those equations are
determined as discussed in Section 4, to compute each of the Fourier components of the scattered intensity,
Im

k ðt;mÞ, at the quadrature nodes m ¼ �Zi. Here, we recall that the fZig are layer-dependent and can also
depend on m. In order to be able to compute the Fourier components of the scattered intensity for any value of
m, we can post-process Eq. (3.9) (see a complete discussion of our post-processing procedure in Ref. [18]) to
obtain, for t 2 ½ak�1; ak� and m 2 ð0; 1�,

Im
k ðt; mÞ ¼ Im

k ðak�1;mÞe�ðt�ak�1Þ=m þ Qm
k ðt; mÞ (5.2a)

and

Im
k ðt;�mÞ ¼ Im

k ðak;�mÞe�ðak�tÞ=m þ Qm
k ðt;�mÞ, (5.2b)

where, for $ka1 and for $k ¼ 1 and ma0,

Qm
k ðt; mÞ ¼ Uþk;mðt� ak�1 : m;mkÞ þ

XNk

j¼1

nk;j½A
m
k;jCðt� ak�1 : nk;j ;mÞGþk;mðm; nk;jÞ

þ Bm
k;je
�ðak�tÞ=nk;j Sðt� ak�1 : nk;j ; mÞG�k;mðm; nk;jÞ þ Tþk;mðt� ak�1 : m; nk;jÞ� (5.3a)

and

Qm
k ðt;�mÞ ¼ U�k;mðak � t : m; mkÞ þ

XNk

j¼1

nk;j ½A
m
k;je
�ðt�ak�1Þ=nk;j Sðak � t : nk;j ;mÞG�k;mðm; nk;jÞ

þ Bm
k;jCðak � t : nk;j ;mÞGþk;mðm; nk;jÞ þ T�k;mðak � t : m; nk;jÞ�. (5.3b)

For $k ¼ 1 and m ¼ 0, we can still use Eqs. (5.3) to define Qm
k ðt;�mÞ, provided we add the terms

Ekðt; mÞ ¼ ½Ak;1 þ Bk;1ðak�1 � 3m=hk;1Þ�½1� e�ðt�ak�1Þ=m� þ Bk;1ðt� ak�1Þ � ð1=2Þm2k
�½ð3mk þ bk;1mÞS

þ
k Cðt� ak�1 : mk;mÞ þ ð3mk � bk;1mÞS

�
k e
�ðak�tÞ=mk Sðt� ak�1 : mk;mÞ� (5.4a)

and

Ekðt;�mÞ ¼ ½Ak;1 þ Bk;1ðak þ 3m=hk;1Þ�½1� e�ðak�tÞ=m� þ Bk;1ðt� akÞ � ð1=2Þm2k
�½ð3mk � bk;1mÞS

þ
k e
�ðt�ak�1Þ=mk Sðak � t : mk;mÞ þ ð3mk þ bk;1mÞS

�
k Cðak � t : mk; mÞ�, (5.4b)

respectively, to the right-hand side of Eq. (5.3a) and the right-hand side of Eq. (5.3b), and we start the
summations in Eqs. (5.3) at j ¼ 2.

However, our job is not yet complete as the ‘‘boundary’’ terms in Eqs. (5.2), i.e. Im
k ðak�1;mÞ and Im

k ðak;�mÞ
for m 2 ð0; 1�, are not known. To determine these unknown terms, we first take t ¼ ak in Eq. (5.2a) and
t ¼ ak�1 in Eq. (5.2b) to obtain

Im
k ðak;mÞ ¼ Im

k ðak�1;mÞe�Dk=m þQþk;mðmÞ (5.5a)

and

Im
k ðak�1;�mÞ ¼ Im

k ðak;�mÞe�Dk=m þQ�k;mðmÞ, (5.5b)
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for m 2 ð0; 1�, and we then use Eqs. (3.11) to eliminate the terms Im
k ðak�1;�mÞ and Im

k ðak; mÞ from Eqs. (5.5).
We thus obtain, for the unknown ‘‘boundary’’ terms in Eqs. (5.2):

Im
k ðak�1;mÞ ¼ UkðmÞDþk;mðmÞ (5.6a)

and

Im
k ðak;�mÞ ¼ UkðmÞD�k;mðmÞ, (5.6b)

where UkðmÞ is defined by Eq. (3.4) and

D�k;m ¼ Z�k ðmÞe
�Dk=m½Z�k ðmÞQ

�
k;mðmÞ þW�

k;mðmÞ� þ Z�k ðmÞQ
�

k;mðmÞ þW�

k;mðmÞ. (5.7)

Most important for applications (especially inverse problems) are the radiation intensities exiting the multi-
layer system, bIða0;�m;fÞ and bIðaK ;m;fÞ for m 2 ð0; 1� and f 2 ½0; 2p�, which we can write for the problem
solved in this work asbIða0;�m;fÞ ¼ X ðn0;1;mÞdðm� m0Þdðf� f0Þ þ Y ðn0;1;mÞI1½a0;�f ðn0;1;mÞ;f� (5.8a)

and bIðaK ;m;fÞ ¼ Y ðnKþ1;K ;mÞIK ½aK ; f ðnKþ1;K ; mÞ;f�, (5.8b)

for m 2 ð0; 1� and f 2 ½0; 2p�. To make clear the meaning of the right-hand sides of these expressions, we note
that the terms that include intensities at shifted polar angles describe radiation that exits the multi-layer system
crossing the external boundaries, while the term that includes delta functions in Eq. (5.8a) describes the part of
the incoming radiation that is reflected externally at the t ¼ a0 boundary. As in Ref. [18], we can use a
procedure similar to that used to derive Eqs. (2.18) to rewrite Eqs. (5.8) in forms that do not involve intensities
with shifts in the polar angle, viz.

bIða0;�m;fÞ ¼ Zþ0 ðmÞdðm� m0Þdðf� f0Þ þ
1

2p

XLmax

m¼0

ð2� d0;mÞWþ
0;mðmÞ cos½mðf� f0Þ� (5.9a)

and

bIðaK ;m;fÞ ¼ F Kþ1dðm� mKþ1Þdðf� f0Þ þ
1

2p

XLmax

m¼0

ð2� d0;mÞW�
Kþ1;mðmÞ cos½mðf� f0Þ�, (5.9b)

for m 2 ð0; 1� and f 2 ½0; 2p�. Here, the functions Zþ0 ðmÞ and Wþ
0;mðmÞ can be computed by carrying the

recursion one step further in Eqs. (2.20b) and (3.13b), i.e. by stopping the use of these equations only at k ¼ 0.
In a similar way, the factor F Kþ1 and the function W�

Kþ1;mðmÞ can be computed by carrying the recursion one
step further in Eqs. (2.25) and (3.13a), i.e. by using these equations up to k ¼ K þ 1.

In this work, we also compute the currents (partial fluxes) exiting each of the two external surfaces,
normalized by the incoming current at t ¼ a0. The incoming current at t ¼ a0 is defined as

Jþ0 ¼

Z 1

0

Z 2p

0

c0ðm;fÞdfmdm, (5.10)

which, in view of Eq. (2.6), reduces to

Jþ0 ¼ m0. (5.11)

On the other hand, we can, in the manner of Ref. [18], write the currents exiting the two surfaces as

J�0 ¼

Z 1

0

Z 2p

0

X ðn0;1; mÞc0ðm;fÞdfmdmþ
Z 1

0

Z 2p

0

½1� X ðn1;0;mÞ�I1ða0;�m;fÞdfmdm (5.12a)

and

JþK ¼

Z 1

0

Z 2p

0

½1� X ðnK ;Kþ1;mÞ�IK ðaK ; m;fÞdfmdm. (5.12b)
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Using Eqs. (2.6), (3.1), (3.2), and (3.8) and approximating the m-integration in the last integrals of Eqs. (5.12a)
and (5.12b) with our quadrature schemes for, respectively, layers one and K, we find that we can express these
currents as

J�0 ¼ m0X ðn1;0;m0Þ þ m1½1� X ðn1;0; m1Þ�S
�
1 e
�D1=m1 þ

XN1

i¼1

wiZi½1� X ðn1;0; ZiÞ�I1ða0;�ZiÞ (5.13a)

and

JþK ¼ mK ½1� X ðnK ;Kþ1;mK Þ�S
þ
Ke
�DK=mK þ

XNK

i¼1

wiZi½1� X ðnK ;Kþ1; ZiÞ�IK ðaK ; ZiÞ. (5.13b)

Here, I1ða0;�ZiÞ is given by Eq. (4.1) for m ¼ 0 when $1a1 and by Eq. (4.16) when $1 ¼ 1. Similarly,
IK ðaK ; ZiÞ is given by Eq. (4.1) for m ¼ 0 when $Ka1 and by Eq. (4.16) when $K ¼ 1. And so, in addition to
the intensities exiting the multi-layer system, we also report in this work our numerical results for

A ¼ J�0 =Jþ0 and B ¼ JþK=Jþ0 . (5.14a, b)

6. Numerical results

In this section, we report numerical results for two sets of test cases that were introduced and used in
Ref. [18] to illustrate the use of the ADO method for the case of isotropically incident radiation. As mentioned
in the Introduction, our computational work was carried out in a way that allowed us to generate numerical
results of very high accuracy, aimed at testing our implementation of the method extensively and providing
high-quality results that could be used for assessing the accuracy of other implementations and methods.

Our first set of test cases is defined by a collection of two-layer problems [18], the data for which are mostly
specified in the titles of Tables 1 and 2 , where our converged ADO numerical results for the normalized
currents A and B are reported. It can be seen that each layer has a specific single-scattering albedo, scattering
order, optical thickness, and index of refraction. In addition, we consider, as in Ref. [18], that the bi-slab is
surrounded by vacuum, so that n0 ¼ 1 and n3 ¼ 1, and that scattering in the layers can be described by the
Table 1

The normalized exiting currents for two-layer problems with m0 ¼ 1=2, D1 ¼ 0:4, D2 ¼ 0:6, $1 ¼ 0:9, $2 ¼ 0:99, L1 ¼ 10, and L2 ¼ 100

A B

n1 n2 ¼ 4=3 n2 ¼ 1:6 n2 ¼ 1:9 n2 ¼ 4=3 n2 ¼ 1:6 n2 ¼ 1:9

1.1 1.530894(�1) 1.993133(�1) 2.425181(�1) 7.105255(�1) 6.519729(�1) 5.975008(�1)

1.4 1.795227(�1) 2.077481(�1) 2.394270(�1) 6.689800(�1) 6.285308(�1) 5.855564(�1)

1.8 2.336399(�1) 2.460546(�1) 2.643833(�1) 5.989121(�1) 5.750348(�1) 5.454289(�1)

2.0 2.594919(�1) 2.667189(�1) 2.800710(�1) 5.653177(�1) 5.472260(�1) 5.229367(�1)

Table 2

The normalized exiting currents for two-layer problems with m0 ¼ 1=2, D1 ¼ 5:0, D2 ¼ 7:0, $1 ¼ 1:0, $2 ¼ 0:99, L1 ¼ 200, and L2 ¼ 100

A B

n1 n2 ¼ 4=3 n2 ¼ 1:6 n2 ¼ 1:9 n2 ¼ 4=3 n2 ¼ 1:6 n2 ¼ 1:9

1.1 2.115864(�1) 2.495993(�1) 2.806585(�1) 5.686461(�1) 4.922176(�1) 4.214831(�1)

1.4 2.402545(�1) 2.539177(�1) 2.683090(�1) 5.378869(�1) 4.782080(�1) 4.189347(�1)

1.8 3.075822(�1) 3.016417(�1) 3.043548(�1) 4.920528(�1) 4.414941(�1) 3.910300(�1)

2.0 3.386581(�1) 3.253997(�1) 3.236070(�1) 4.713876(�1) 4.249295(�1) 3.768150(�1)
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binomial law [24]

pðcosYÞ ¼
Lþ 1

2L
ð1þ cosYÞL, (6.1)

where L is a non-negative integer that we take to be equal to L1 in layer one and L2 in layer two (see the titles
of Tables 1 and 2 for the selected values of L1 and L2). As required by our approach and done by others, we
rewrite Eq. (6.1) in the form of a finite (order L) Legendre-polynomial expansion, viz.

pðcosYÞ ¼
XL

l¼0

blPlðcosYÞ, (6.2)

where, as noted by McCormick and Sanchez [25], the fblg coefficients are defined by the recursive scheme

bl ¼
2l þ 1

2l � 1

� �
Lþ 1� l

Lþ 1þ l

� �
bl�1, (6.3)

for l ¼ 1; 2; . . . ;L, with b0 ¼ 1. It should be noted that while the solutions developed in this work do depend
on the form of Eq. (6.2), the particular choice of the fblg defined in Eq. (6.3) was made here only to avoid a
required listing of copious input data that would be needed in order to test our solutions for extreme cases of
anisotropic scattering. By taking the cosine of the polar angle of incidence to be m0 ¼ 1=2 for all cases (the
azimuthal angle of incidence can be chosen arbitrarily), we complete the specification of our two-layer
problems.

Our second set of test cases consists of five multi-layer problems defined in terms of the data listed in
Table 3, as shown in the first two columns of Table 4. With regard to these problems, we report our converged
ADO results for the normalized currents A and B in Table 4 and for the scattered components of the exiting
intensities bIða0;�m;fÞ and bIðaK ;m;fÞ at selected values of m and f in Tables 5–10. Once again, we consider
that the multi-layers are surrounded by vacuum, so that n0 ¼ 1 and nKþ1 ¼ 1, and that the cosine of the polar
angle of incidence is m0 ¼ 1=2 for all cases. For these problems, we also use the binomial scattering law in the
form of Eq. (6.2) with L ¼ Lk in layer k, as specified in Table 3.
Table 3

Basic data for multi-layer problems with m0 ¼ 1=2

Layer # D $ L n

1 1.0 0.95 40 1.65

2 1.2 0.94 60 2.00

3 1.3 0.93 30 1.70

4 0.6 0.96 70 1.60

5 1.9 0.90 20 1.80

6 1.4 0.92 50 1.85

7 0.5 0.97 80 1.55

8 0.3 0.98 90 1.50

9 1.6 0.91 10 1.75

10 5.2 1.00 100 1.30

Table 4

The normalized exiting currents for multi-layer problems

Problem Layers A B

I 1�3 2.005097(�1) 3.234892(�1)

II 6�10 2.179189(�1) 2.447012(�1)

III 4�10 1.486857(�1) 1.480895(�1)

IV 1�9 1.442142(�1) 8.902468(�2)

V 1�10 1.443597(�1) 8.985415(�2)
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Table 5

The scattered component of the exiting intensity bIða0;�m;fÞ for f� f0 ¼ 0

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 9.8174(�3) 5.7816(�3) 3.0604(�3) 2.8336(�3) 2.8340(�3)

0.10 1.6739(�2) 9.8745(�3) 5.2812(�3) 4.8763(�3) 4.8770(�3)

0.15 2.1702(�2) 1.2824(�2) 6.9176(�3) 6.3661(�3) 6.3671(�3)

0.20 2.5287(�2) 1.4971(�2) 8.1357(�3) 7.4578(�3) 7.4592(�3)

0.25 2.7865(�2) 1.6537(�2) 9.0464(�3) 8.2548(�3) 8.2566(�3)

0.30 2.9685(�2) 1.7669(�2) 9.7252(�3) 8.8281(�3) 8.8304(�3)

0.35 3.0912(�2) 1.8469(�2) 1.0224(�2) 9.2270(�3) 9.2298(�3)

0.40 3.1663(�2) 1.9005(�2) 1.0577(�2) 9.4862(�3) 9.4897(�3)

0.45 3.2015(�2) 1.9328(�2) 1.0808(�2) 9.6299(�3) 9.6341(�3)

0.50 3.2021(�2) 1.9471(�2) 1.0931(�2) 9.6745(�3) 9.6796(�3)

0.55 3.1714(�2) 1.9456(�2) 1.0954(�2) 9.6307(�3) 9.6368(�3)

0.60 3.1112(�2) 1.9300(�2) 1.0880(�2) 9.5045(�3) 9.5118(�3)

0.65 3.0223(�2) 1.9011(�2) 1.0710(�2) 9.2981(�3) 9.3069(�3)

0.70 2.9044(�2) 1.8591(�2) 1.0444(�2) 9.0108(�3) 9.0212(�3)

0.75 2.7563(�2) 1.8041(�2) 1.0086(�2) 8.6393(�3) 8.6516(�3)

0.80 2.5758(�2) 1.7355(�2) 9.6426(�3) 8.1779(�3) 8.1926(�3)

0.85 2.3592(�2) 1.6520(�2) 9.1268(�3) 7.6185(�3) 7.6359(�3)

0.90 2.0990(�2) 1.5508(�2) 8.5540(�3) 6.9468(�3) 6.9675(�3)

0.95 1.7749(�2) 1.4238(�2) 7.9238(�3) 6.1246(�3) 6.1495(�3)

1.00 1.1516(�2) 1.1742(�2) 6.8689(�3) 4.6364(�3) 4.6700(�3)

Table 6

The scattered component of the exiting intensity bIða0;�m;fÞ for f� f0 ¼ p=2

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 3.5942(�3) 3.2149(�3) 1.7437(�3) 1.1631(�3) 1.1674(�3)

0.10 6.1646(�3) 5.5022(�3) 3.0106(�3) 2.0049(�3) 2.0123(�3)

0.15 8.0382(�3) 7.1702(�3) 3.9473(�3) 2.6251(�3) 2.6349(�3)

0.20 9.4215(�3) 8.4112(�3) 4.6493(�3) 3.0880(�3) 3.0997(�3)

0.25 1.0450(�2) 9.3489(�3) 5.1812(�3) 3.4371(�3) 3.4504(�3)

0.30 1.1215(�2) 1.0066(�2) 5.5876(�3) 3.7021(�3) 3.7167(�3)

0.35 1.1780(�2) 1.0618(�2) 5.9000(�3) 3.9042(�3) 3.9199(�3)

0.40 1.2191(�2) 1.1046(�2) 6.1412(�3) 4.0587(�3) 4.0755(�3)

0.45 1.2480(�2) 1.1375(�2) 6.3280(�3) 4.1768(�3) 4.1946(�3)

0.50 1.2670(�2) 1.1626(�2) 6.4726(�3) 4.2671(�3) 4.2860(�3)

0.55 1.2778(�2) 1.1813(�2) 6.5843(�3) 4.3361(�3) 4.3560(�3)

0.60 1.2818(�2) 1.1948(�2) 6.6702(�3) 4.3889(�3) 4.4100(�3)

0.65 1.2799(�2) 1.2036(�2) 6.7355(�3) 4.4298(�3) 4.4520(�3)

0.70 1.2728(�2) 1.2084(�2) 6.7843(�3) 4.4621(�3) 4.4856(�3)

0.75 1.2612(�2) 1.2097(�2) 6.8197(�3) 4.4888(�3) 4.5137(�3)

0.80 1.2454(�2) 1.2077(�2) 6.8443(�3) 4.5128(�3) 4.5390(�3)

0.85 1.2260(�2) 1.2029(�2) 6.8599(�3) 4.5365(�3) 4.5644(�3)

0.90 1.2035(�2) 1.1954(�2) 6.8682(�3) 4.5629(�3) 4.5925(�3)

0.95 1.1784(�2) 1.1857(�2) 6.8707(�3) 4.5950(�3) 4.6265(�3)

1.00 1.1516(�2) 1.1742(�2) 6.8689(�3) 4.6364(�3) 4.6700(�3)
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The results reported in Tables 1, 2, and 4–10 are thought to be accurate to within �1 in the last figure
given and were obtained by running our FORTRAN code several times with increasing orders of the
discrete-ordinates quadrature schemes until convergence was achieved. To this end, M, the number of
quadrature points per subinterval, was varied typically between 20 and 500 in our calculations. In addition, to
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Table 7

The scattered component of the exiting intensity bIða0;�m;fÞ for f� f0 ¼ p

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 1.2077(�3) 2.1569(�3) 1.2316(�3) 7.0007(�4) 7.0798(�4)

0.10 2.0777(�3) 3.6954(�3) 2.1293(�3) 1.2091(�3) 1.2227(�3)

0.15 2.7208(�3) 4.8246(�3) 2.7983(�3) 1.5881(�3) 1.6061(�3)

0.20 3.2072(�3) 5.6745(�3) 3.3068(�3) 1.8765(�3) 1.8978(�3)

0.25 3.5832(�3) 6.3287(�3) 3.7008(�3) 2.1007(�3) 2.1246(�3)

0.30 3.8805(�3) 6.8430(�3) 4.0120(�3) 2.2787(�3) 2.3047(�3)

0.35 4.1218(�3) 7.2558(�3) 4.2629(�3) 2.4233(�3) 2.4511(�3)

0.40 4.3235(�3) 7.5937(�3) 4.4698(�3) 2.5438(�3) 2.5731(�3)

0.45 4.4984(�3) 7.8761(�3) 4.6447(�3) 2.6472(�3) 2.6778(�3)

0.50 4.6570(�3) 8.1172(�3) 4.7968(�3) 2.7387(�3) 2.7705(�3)

0.55 4.8085(�3) 8.3279(�3) 4.9331(�3) 2.8227(�3) 2.8556(�3)

0.60 4.9615(�3) 8.5172(�3) 5.0594(�3) 2.9027(�3) 2.9366(�3)

0.65 5.1257(�3) 8.6927(�3) 5.1804(�3) 2.9821(�3) 3.0170(�3)

0.70 5.3127(�3) 8.8621(�3) 5.3007(�3) 3.0642(�3) 3.1000(�3)

0.75 5.5381(�3) 9.0339(�3) 5.4248(�3) 3.1531(�3) 3.1897(�3)

0.80 5.8257(�3) 9.2198(�3) 5.5583(�3) 3.2541(�3) 3.2915(�3)

0.85 6.2160(�3) 9.4379(�3) 5.7093(�3) 3.3759(�3) 3.4139(�3)

0.90 6.7900(�3) 9.7230(�3) 5.8923(�3) 3.5356(�3) 3.5739(�3)

0.95 7.7636(�3) 1.0165(�2) 6.1447(�3) 3.7790(�3) 3.8169(�3)

1.00 1.1516(�2) 1.1742(�2) 6.8689(�3) 4.6364(�3) 4.6700(�3)

Table 8

The scattered component of the exiting intensity bIðaK ;m;fÞ for f� f0 ¼ 0

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 3.7751(�2) 2.0384(�2) 9.1460(�3) 4.5382(�3) 4.7188(�3)

0.10 6.5069(�2) 3.4996(�2) 1.5698(�2) 7.8109(�3) 8.0994(�3)

0.15 8.5352(�2) 4.5586(�2) 2.0440(�2) 1.0234(�2) 1.0547(�2)

0.20 1.0075(�1) 5.3340(�2) 2.3905(�2) 1.2069(�2) 1.2337(�2)

0.25 1.1264(�1) 5.9071(�2) 2.6462(�2) 1.3489(�2) 1.3659(�2)

0.30 1.2196(�1) 6.3340(�2) 2.8365(�2) 1.4610(�2) 1.4648(�2)

0.35 1.2932(�1) 6.6536(�2) 2.9795(�2) 1.5511(�2) 1.5396(�2)

0.40 1.3509(�1) 6.8923(�2) 3.0878(�2) 1.6249(�2) 1.5970(�2)

0.45 1.3951(�1) 7.0675(�2) 3.1704(�2) 1.6863(�2) 1.6419(�2)

0.50 1.4269(�1) 7.1896(�2) 3.2332(�2) 1.7380(�2) 1.6776(�2)

0.55 1.4463(�1) 7.2637(�2) 3.2801(�2) 1.7819(�2) 1.7064(�2)

0.60 1.4526(�1) 7.2909(�2) 3.3135(�2) 1.8193(�2) 1.7299(�2)

0.65 1.4440(�1) 7.2685(�2) 3.3344(�2) 1.8507(�2) 1.7490(�2)

0.70 1.4182(�1) 7.1914(�2) 3.3425(�2) 1.8763(�2) 1.7643(�2)

0.75 1.3719(�1) 7.0519(�2) 3.3367(�2) 1.8955(�2) 1.7757(�2)

0.80 1.3012(�1) 6.8397(�2) 3.3141(�2) 1.9070(�2) 1.7825(�2)

0.85 1.2011(�1) 6.5398(�2) 3.2697(�2) 1.9085(�2) 1.7834(�2)

0.90 1.0645(�1) 6.1264(�2) 3.1940(�2) 1.8952(�2) 1.7752(�2)

0.95 8.7728(�2) 5.5375(�2) 3.0637(�2) 1.8554(�2) 1.7500(�2)

1.00 4.9361(�2) 4.1513(�2) 2.6568(�2) 1.6792(�2) 1.6307(�2)
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gain confidence in the correctness of our implementation, we have used the Monte Carlo method to confirm,
with a minimum of three figures of agreement, the numerical results for A and B that are listed in Tables 1, 2,
and 4.
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Table 9

The scattered component of the exiting intensity bIðaK ;m;fÞ for f� f0 ¼ p=2

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 6.9129(�3) 9.1268(�3) 6.0344(�3) 3.3037(�3) 3.7711(�3)

0.10 1.1928(�2) 1.5666(�2) 1.0359(�2) 5.6882(�3) 6.4742(�3)

0.15 1.5685(�2) 2.0402(�2) 1.3495(�2) 7.4570(�3) 8.4338(�3)

0.20 1.8589(�2) 2.3870(�2) 1.5794(�2) 8.8023(�3) 9.8708(�3)

0.25 2.0909(�2) 2.6440(�2) 1.7501(�2) 9.8503(�3) 1.0938(�2)

0.30 2.2826(�2) 2.8374(�2) 1.8788(�2) 1.0687(�2) 1.1742(�2)

0.35 2.4470(�2) 2.9858(�2) 1.9778(�2) 1.1371(�2) 1.2360(�2)

0.40 2.5936(�2) 3.1030(�2) 2.0559(�2) 1.1945(�2) 1.2847(�2)

0.45 2.7296(�2) 3.1986(�2) 2.1196(�2) 1.2440(�2) 1.3242(�2)

0.50 2.8608(�2) 3.2801(�2) 2.1734(�2) 1.2880(�2) 1.3574(�2)

0.55 2.9920(�2) 3.3532(�2) 2.2209(�2) 1.3282(�2) 1.3864(�2)

0.60 3.1275(�2) 3.4220(�2) 2.2648(�2) 1.3659(�2) 1.4129(�2)

0.65 3.2713(�2) 3.4899(�2) 2.3070(�2) 1.4023(�2) 1.4380(�2)

0.70 3.4275(�2) 3.5599(�2) 2.3490(�2) 1.4382(�2) 1.4626(�2)

0.75 3.6006(�2) 3.6343(�2) 2.3921(�2) 1.4743(�2) 1.4874(�2)

0.80 3.7956(�2) 3.7154(�2) 2.4374(�2) 1.5113(�2) 1.5130(�2)

0.85 4.0183(�2) 3.8053(�2) 2.4858(�2) 1.5498(�2) 1.5397(�2)

0.90 4.2761(�2) 3.9062(�2) 2.5379(�2) 1.5903(�2) 1.5681(�2)

0.95 4.5781(�2) 4.0206(�2) 2.5947(�2) 1.6332(�2) 1.5983(�2)

1.00 4.9361(�2) 4.1513(�2) 2.6568(�2) 1.6792(�2) 1.6307(�2)

Table 10

The scattered component of the exiting intensity bIðaK ;m;fÞ for f� f0 ¼ p

m Problem I Problem II Problem III Problem IV Problem V

0.00 0.0 0.0 0.0 0.0 0.0

0.05 1.8660(�3) 5.0509(�3) 4.1559(�3) 2.4548(�3) 3.0070(�3)

0.10 3.2260(�3) 8.6759(�3) 7.1379(�3) 4.2286(�3) 5.1637(�3)

0.15 4.2573(�3) 1.1313(�2) 9.3059(�3) 5.5482(�3) 6.7301(�3)

0.20 5.0725(�3) 1.3259(�2) 1.0904(�2) 6.5572(�3) 7.8826(�3)

0.25 5.7466(�3) 1.4723(�2) 1.2103(�2) 7.3500(�3) 8.7436(�3)

0.30 6.3320(�3) 1.5851(�2) 1.3022(�2) 7.9910(�3) 9.3995(�3)

0.35 6.8676(�3) 1.6749(�2) 1.3748(�2) 8.5252(�3) 9.9120(�3)

0.40 7.3843(�3) 1.7497(�2) 1.4343(�2) 8.9854(�3) 1.0326(�2)

0.45 7.9090(�3) 1.8154(�2) 1.4855(�2) 9.3961(�3) 1.0674(�2)

0.50 8.4674(�3) 1.8768(�2) 1.5320(�2) 9.7764(�3) 1.0981(�2)

0.55 9.0866(�3) 1.9379(�2) 1.5767(�2) 1.0142(�2) 1.1267(�2)

0.60 9.7988(�3) 2.0022(�2) 1.6220(�2) 1.0506(�2) 1.1547(�2)

0.65 1.0644(�2) 2.0734(�2) 1.6703(�2) 1.0882(�2) 1.1833(�2)

0.70 1.1680(�2) 2.1556(�2) 1.7237(�2) 1.1281(�2) 1.2139(�2)

0.75 1.2988(�2) 2.2539(�2) 1.7850(�2) 1.1720(�2) 1.2477(�2)

0.80 1.4700(�2) 2.3755(�2) 1.8575(�2) 1.2216(�2) 1.2862(�2)

0.85 1.7050(�2) 2.5325(�2) 1.9464(�2) 1.2798(�2) 1.3314(�2)

0.90 2.0517(�2) 2.7478(�2) 2.0610(�2) 1.3514(�2) 1.3869(�2)

0.95 2.6402(�2) 3.0808(�2) 2.2241(�2) 1.4480(�2) 1.4609(�2)

1.00 4.9361(�2) 4.1513(�2) 2.6568(�2) 1.6792(�2) 1.6307(�2)
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While an implementation of our solution for a considered problem, say problem V—our most challenging
case, requires, in general, some hours of computer time to establish the high-quality results we are reporting in
Tables 4–10, a solution good enough for graphical presentation requires very modest computational expense.
To have an idea of the CPU time for what we might consider ‘‘practical results,’’ we found, for example, that
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the results given in Tables 4–10 for this case could be obtained (without making a serious effort to use the code
in the most efficient way in low order and considering all 101 Fourier-component problems) with essentially
three figures of accuracy in less than 2min on an Intel Core 2 Duo machine running at 2.6GHz.

To close this section, we note that we considered, as an additional test of our computations, a version of
each of Problems I–V for which all values of $k were taken to be unity. For these conservative cases, we used
M ¼ 200 to find Aþ B ¼ 0:99999999 (or better) which clearly compares well to the exact result Aþ B ¼ 1.

7. Concluding remarks

In this work, we have used the ADO method to develop a general solution of the equation of transfer for the
case of a multi-layer medium subject to Fresnel boundary and interface conditions and illuminated by
obliquely incident parallel rays. We note that the unscattered solution given by Eqs. (3.2) is expressed in a
simple form which is very convenient for computation. In addition, while the way in which Chandrasekhar [1]
found a simple particular solution, relevant to the source term introduced when the unscattered and scattered
components of the intensity are separated, could have been generalized here, as done in other works [8,14,17],
we have taken an alternative route so that the particular solution developed here does not suffer from the
limitations on the solution that result when the simple approach is used (see Ref. [20, Section 5] for a
discussion of this point).

Finally, we believe that the highly accurate numerical results that are reported in Section 6 illustrate well the
power of the method and provide a high standard against which the accuracy of other implementations/
methods can be reliably assessed.
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