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a b s t r a c t

A simplified implementation of the analytical discrete ordinates (ADO) method in
radiative transfer with polarization is presented in this work. The class of problems that
can be solved with the simplified ADO approach consists of problems defined in plane-
parallel geometry and driven by external illumination in the form of obliquely incident
parallel rays. Numerical results of benchmark quality are tabulated for the albedo
problem with polarization and Lambert reflection. The new results improve on a
tabulation made available in a previous work by the authors that was based on the (less
accurate) spherical harmonics method.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In a recent work [1], an alternative approach for
solving the scalar albedo problem in radiative transfer
with the ADO version [2] of the discrete-ordinates method
was proposed. The approach is based on the use of a
nascent delta function (rather than the Dirac delta dis-
tribution) to model the polar-angle dependence of the
incident beam. Because a particular solution is not
required when a nascent delta function is used, the
implementation work was significantly simplified when
compared to that of the classical approach [3], where both
the polar-angle and the azimuthal-angle dependencies of
the incident beam are modeled by Dirac delta distribu-
tions. Numerical results obtained with the new approach
were found to be as accurate as those from the classical
approach, when a sufficiently small ‘‘narrowness’’ para-
meter was used to define the nascent delta function.

And so, in this work, we extend the approach of Ref. [1]
to the case where polarization effects are included in the
equation of transfer. Since numerical results from three
different methods are available for the albedo problem
with polarization and Lambert ground reflection [4–7], we
elected to use this problem here, to evaluate the merits of
the idea of using a nascent delta function for modeling the
polar-angle dependence of the incident beam in radiative-
transfer problems with polarization.

2. Formulation

Following Ref. [8], we begin by writing the equation of
transfer with polarization for a plane-parallel medium of
optical thickness t0 in the form:

m @
@t Iðt,m,fÞþIðt,m,fÞ ¼ $

4p

Z 1

%1

Z 2p

0
Pðm,m0,f%f0Þ

&Iðt,m0,f0Þ df0 dm0, ð1Þ

where the optical variable t 2 ð0,t0Þ is used to define
the position in the medium and m 2 ½%1;1(, with
m¼ cos y, and f 2 ½0;2p( are, respectively, the polar
and azimuthal variables that specify the direction of
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propagation. Here, m is measured with respect to the
positive t-axis. Furthermore, the Stokes vector Iðt,m,fÞ has
the four Stokes parameters Iðt,m,fÞ, Q ðt,m,fÞ, Uðt,m,fÞ,
and Vðt,m,fÞ as components [9–11], $ is the single-
scattering albedo, and Pðm,m0,f%f0Þ is the phase matrix
[12] that describes scattering from an initial direction
ðm0,f0Þ to a final direction ðm,fÞ. As in other works [4–7],
we consider here a phase matrix of the form:

Pðm,m0,f%f0Þ ¼
XL

m ¼ 0

X2

a ¼ 1

Um
a ðf%f

0ÞAmðm,m0ÞDa, ð2Þ

where

Um
1 ðfÞ ¼ ð2%d0,mÞ diagfcosmf, cosmf, sinmf, sinmfg,

ð3aÞ

Um
2 ðfÞ ¼ ð2%d0,mÞ diagf%sinmf,%sinmf,cos mf,cosmfg,

ð3bÞ

D1 ¼ diagf1;1,0;0g, ð4aÞ

D2 ¼ diagf0;0,1;1g, ð4bÞ

and

Amðm,m0Þ ¼
XL

l ¼ m

Pm
l ðmÞBlP

m
l ðm0Þ: ð5Þ

Here,

Pm
l ðmÞ ¼

Pm
l ðmÞ 0 0 0

0 Rm
l ðmÞ %Tm

l ðmÞ 0

0 %Tm
l ðmÞ Rm

l ðmÞ 0

0 0 0 Pm
l ðmÞ

0

BBBB@

1

CCCCA
, ð6Þ

where Pm
l ðmÞ is a normalized version [7] of the associated

Legendre function of the first kind and the normalized
Rm
l ðmÞ and Tm

l ðmÞ functions can be expressed [7] in terms of
the generalized spherical functions Pl

m,%2ðmÞ and Pl
m,2ðmÞ

discussed by Gel’fand and Šapiro [13]. In addition, the Bl

matrix in Eq. (5) is given by [12]

Bl ¼

bl gl 0 0

gl al 0 0

0 0 zl %El
0 0 El dl

0

BBBB@

1

CCCCA
, ð7Þ

where the Greek constants fal,bl,gl,dl,El,zlg, along with the
truncation parameter L introduced in Eq. (2), are the basic
parameters that characterize the scattering law.

As mentioned in Introduction, we seek in this work a
solution of Eq. (1) subject to the boundary conditions
[4–7]

Ið0,m,fÞ ¼ pdðm%m0Þdðf%f0ÞF ð8aÞ

and

Iðt0,%m,fÞ ¼
l0
p

! "
L
Z 1

0

Z 2p

0
Iðt0,m0,f0Þ df0m0 dm0 ð8bÞ

for m 2 ð0;1( and f 2 ½0;2p(. Eq. (8a) represents a beam
characterized by the Stokes parameters:

F¼

FI
FQ
FU
FV

0

BBBB@

1

CCCCA
ð9Þ

that is incident externally on the surface t¼ 0 with a
direction specified by ðm0,f0Þ, while Eq. (8b) expresses
Lambert reflection with a coefficient l0 2 ð0;1( at the
surface t¼ t0. Note that L¼ diagf1;0,0;0g.

3. Fourier decomposition

In the manner of Ref. [7], we split the m-range into
positive and negative half-ranges and write the Stokes
vector for each of these half-ranges as

Iðt,m,fÞ ¼ I0ðt,m,fÞþ
XL

m ¼ 0

X2

a ¼ 1

Um
a ðf%f0Þ

&½Ima ðt,mÞ%Ima ð0,mÞ e%t=m( ð10aÞ

and

Iðt,%m,fÞ ¼
XL

m ¼ 0

X2

a ¼ 1

Um
a ðf%f0ÞI

m
a ðt,%mÞ, ð10bÞ

for m 2 ð0;1( and f 2 ½0;2p(. In Eq. (10a), I0ðt,m,fÞ repre-
sents the uncollided component of the Stokes vector,
which is given by

I0ðt,m,fÞ ¼ pdðm%m0Þdðf%f0Þ e
%t=m0F: ð11Þ

Substituting the Fourier expansions expressed by Eqs.
(10) in Eq. (1), we obtain, form¼ 0;1, . . . ,L and a¼ 1 and 2:

m @
@t I

m
a ðt,mÞþIma ðt,mÞ ¼

$
2

Z 1

%1
Amðm,m0ÞIma ðt,m0Þ dm0 ð12Þ

and the boundary conditions:

Ima ð0,mÞ ¼
1
2
dðm%m0ÞDaF ð13aÞ

and

Ima ðt0,%mÞ ¼ 2l0d0,md1,aL
Z 1

0
Ima ðt0,m0Þ m0 dm0 ð13bÞ

for m 2 ð0;1(. Eqs. (12) and (13) constitute a set of 2(Lþ1)
azimuthally independent problems to be solved. Now, in the
spirit of Ref. [1], we consider in this work the set of
problems that is obtained after we replace the Dirac delta
distribution in Eq. (13a) by the rectangular nascent delta
function:

dEðm%m0Þ ¼
ðmmax%mminÞ

%1, mminrmrmmax,

0, otherwise:

(

ð14Þ

Here

mmin ¼max f0,m0%E=2g ð15aÞ

and

mmax ¼min fm0þE=2;1g, ð15bÞ
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where E is the ‘‘narrowness’’ parameter. Once the resulting
set of problems is solved for m¼ 0;1, . . . ,L and a¼ 1 and 2,
the complete solution of the original problem is available
from Eqs. (10).

To close this section, we note that the m¼0 problem
can be reduced to two 2-vector problems (one for the I
and Q components and another for the U and V compo-
nents of the Stokes vector). This has been explored, for
example, in Ref. [4]. In this work, to facilitate our
computational implementation, we chose not to use such
a reduction.

4. An ADO solution of the Fourier component problems

To solve the set of Fourier component problems
defined by Eqs. (12) and (13) for m¼ 0;1, . . . ,L and a¼ 1
and 2, with the nascent delta function dEðm%m0Þ defined
by Eq. (14) replacing the Dirac delta distribution dðm%m0Þ
in Eq. (13a), we use the ADO version [2,7] of the discrete-
ordinates method. As the details of the application of the
ADO method to radiative transfer problems with polar-
ization are given in Ref. [7], our presentation here is brief.

Discrete-ordinates forms of Eq. (12) are obtained by
splitting the integration interval in that equation into two
half-range intervals and using the transformation m-%m
in the negative interval, so that the integral in Eq. (12) can
be written as a sum of two integrals over the positive
interval [0, 1]. Next, to take care of the discontinuities
introduced by the nascent delta function dEðm%m0Þ, the
integration over [0, 1] is performed with a composite
quadrature defined over three subintervals [only two, if
dEðm%m0Þa0 for m¼ 0 or m¼ 1] and the resulting equation
is split into two equations, one valid for m 2 ð0;1( and
another for %m 2 ð0;1(. Using a standard Gauss–Legendre
quadrature with N1 nodes mapped onto the subinterval(s)
where dEðm%m0Þ ¼ 0 and a standard Gauss–Legendre
quadrature with N2 nodes mapped onto the subinterval
where dEðm%m0Þa0, we obtain a composite quadrature
with a total of 2N1þN2 nodes [only N1þN2 nodes, if
dEðm%m0Þa0 for m¼ 0 or m¼ 1] for integration over [0, 1].
As the interval of support of the nascent delta function is
always very small for practical choices of the ‘‘narrow-
ness’’ parameter E, we usually take N2ooN1. We denote
the nodes and weights of the composite quadrature so
obtained as mn and wn, n¼ 1;2, . . . ,N, where N is the
quadrature order. Although not made explicit in our
notation here, we allow N to vary with m in our computa-
tional implementation. The reason for this is that the
numerical results for the Fourier component problems for
m-L converge faster with an increase in the quadrature
order than those for m-0. Thus, it is more efficient to use
discrete-ordinates schemes based on quadrature orders
that decrease as m is increased.

We now discuss briefly our implementation of the
ADO method. Note that, in order to keep our notation as
simple as possible, we suppress the indices m and a that
should be affixed to many quantities that are defined and/
or used in this section. First, setting m¼ mn, n¼ 1;2, . . . ,N,
in the discrete-ordinates forms of Eq. (12) that are
obtained as discussed in the previous paragraph, we can

write, for a given pair of Fourier indices ðm,aÞ:

mn
d
dt Iðt,mnÞþIðt,mnÞ ¼

$
2

XL

l ¼ m

Pm
l ðmnÞBl

XN

k ¼ 1

wkIl,kðtÞ ð16aÞ

and

%mn
d
dt Iðt,%mnÞþIðt,%mnÞ ¼

$
2

XL

l ¼ m

Pm
l ð%mnÞBl

XN

k ¼ 1

wkIl,kðtÞ,

ð16bÞ

where [6]

Pm
l ð%mnÞ ¼ ð%1Þl%mDPm

l ðmnÞD ð17Þ

and [7]

Il,kðtÞ ¼ Pm
l ðmkÞIðt,mkÞþPm

l ð%mkÞIðt,%mkÞ: ð18Þ

Eqs. (16) are taken to satisfy discrete-ordinates versions of
the boundary conditions expressed by Eqs. (13) with the
nascent delta replacing the Dirac delta in Eq. (13a), viz.

Ið0,mnÞ ¼
1
2
dEðmn%m0ÞDaF ð19aÞ

and

Iðt0,%mnÞ ¼ 2l0d0,md1,aL
XN

k ¼ 1

wkmkIðt0,mkÞ: ð19bÞ

Looking for solutions of the type [7]

Iðt,7mnÞ ¼Uðn,7mnÞ e
%t=n, ð20Þ

where n is a parameter, we find that there are 4N pairs of
positive/negative values of n (called separation constants)
that make Eq. (20) satisfy Eqs. (16). The separation
constants are denoted as 7nj, j¼ 1;2, . . . ,4N. To each
separation constant nj, it corresponds an elementary
solution Uðnj,7mnÞ in Eq. (20). Both the separation con-
stants and the elementary solutions are obtained from the
solution of an eigensystem of order 4N, as discussed in
detail in Ref. [7].

Defining the 4N-vectors

I7 ðtÞ ¼

Iðt,7m1Þ
Iðt,7m2Þ

^
Iðt,7mNÞ

0

BBBB@

1

CCCCA
ð21Þ

and

U7 ðnjÞ ¼

Uðnj,7m1Þ
Uðnj,7m2Þ

^
Uðnj,7mNÞ

0

BBBB@

1

CCCCA
, ð22Þ

we can write our ADO solution as [7]

Iþ ðtÞ ¼
X4N

j ¼ 1

½AjUþ ðnjÞ e%t=nj þBjU%ðnjÞ e%ðt0%tÞ=nj ( ð23aÞ
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and

I%ðtÞ ¼D
X4N

j ¼ 1

½AjU%ðnjÞ e%t=nj þBjUþ ðnjÞ e%ðt0%tÞ=nj (, ð23bÞ

where the coefficients Aj and Bj, j¼ 1;2, . . . ,4N, are to be
determined with the use of the boundary conditions and
where the 4N&4N diagonal matrix D is given by

D¼ diagfD,D, . . . ,Dg, ð24Þ

with

D¼ diagf1;1,%1,%1g: ð25Þ

Using the boundary condition expressed by Eq. (19a), we
get, for the t¼ 0 boundary:

X4N

j ¼ 1

½AjUþ ðnjÞþBjU%ðnjÞ e%t0=nj ( ¼K, ð26Þ

where

K¼

Nðm1Þ
Nðm2Þ

^
NðmNÞ

0

BBBB@

1

CCCCA
ð27Þ

with

NðmnÞ ¼
1
2
dEðmn%m0ÞDaF: ð28Þ

Similarly, using the boundary condition expressed by
Eq. (19b), we get, for the t¼ t0 boundary:

X4N

j ¼ 1

fAj½U%ðnjÞ%Rþ ðnjÞ( e%t0=nj þBj½Uþ ðnjÞ%R%ðnjÞ(g¼ 0,

ð29Þ

where

R7 ðnjÞ ¼ 2l0d0,md1,aKU7 ðnjÞ ð30Þ

with

K¼

w1m1L w2m2L . . . wNmNL

w1m1L w2m2L . . . wNmNL

^ ^ & ^
w1m1L w2m2L . . . wNmNL

0

BBBB@

1

CCCCA
: ð31Þ

Eqs. (26) and (29) constitute a system of 8N linear
algebraic equations for the 8N unknowns Aj and Bj,
j¼ 1;2, . . . ,4N. Once this system is solved, the Fourier
component for a given pair ðm,aÞ becomes available from
Eqs. (23) for any t 2 ½0,t0( but only at the ordinates 7mn,
n¼ 1;2, . . . ,N. As discussed before, we allow quadrature
orders that vary with m for improved computational
efficiency, and so we see that, in general, Eqs. (23) will
not provide all the Fourier components at a common set
of ordinates. Consequently, Eq. (10) cannot be used to
compute the complete solution. To overcome this diffi-
culty, we use postprocessing, in the manner of Ref. [7], to
obtain expressions for the Fourier components that are
valid for any value of m.

Our postprocessed expressions for the Stokes vector
are obtained by approximating the integrals in Eqs. (12)

and (13b) with our composite quadrature scheme and
using the ADO solutions expressed by Eqs. (23) as an
approximation for the Stokes vector in those integrals.
The equation that results from Eq. (12) is then split into
two forms, one valid for m 2 ð0;1( and the other for
%m 2 ð0;1(, and integrated over the spatial variable t,
from one of the boundaries to an interior point. We can
write the equations so obtained as

Iðt,mÞ ¼ Ið0,mÞ e%t=mþ$
2

X4N

j ¼ 1

nj½AjTþ ðnj,mÞCðt : nj,mÞ

þBjT%ðnj,mÞ e%ðt0%tÞ=nj Sðt : nj,mÞ( ð32aÞ

and

Iðt,%mÞ ¼ Iðt0,%mÞ e%ðt0%tÞ=m

þ
$
2
D
X4N

j ¼ 1

nj½AjT%ðnj,mÞ e%t=nj Sðt : nj,mÞ

þBjTþ ðnj,mÞCðt : nj,mÞ(, ð32bÞ

for m 2 ½0;1(. The boundary terms in these equations are
given by

Ið0,mÞ ¼ 1
2
dðm%m0ÞDaF ð33aÞ

and

Iðt0,%mÞ ¼ 2l0d0,md1,aL
X4N

j ¼ 1

½AjSþ ðnjÞ e%t0=nj þBjS%ðnjÞ(,

ð33bÞ

with

S7 ðnjÞ ¼
XN

n ¼ 1

wnmnUðnj,7mnÞ: ð34Þ

In addition, we define

Cða : x,yÞ ¼
e%a=x%e%a=y

x%y
, ð35aÞ

Sða : x,yÞ ¼
1%e%a=x e%a=y

xþy
, ð35bÞ

and

T7 ðnj,mÞ ¼
XL

l ¼ m

Pm
l ðmÞBl½G7 ðnjÞþð%1Þl%mDG8 ðnjÞ(, ð36Þ

where

G7 ðnjÞ ¼
XN

n ¼ 1

wnP
m
l ðmnÞUðnj,7mnÞ: ð37Þ

5. Computational implementation and numerical results

Before reporting our numerical results for some test
cases, we would like to comment briefly on a few
important aspects of our FORTRAN implementation of
the reported solution. First of all, to find the separation
constants fnjg and the vectors fU7 ðnjÞg that appear in
Eqs. (23), we have used the sequence of subroutines
BALANC, ELMHES, ELTRAN, HQR2, and BALBAK from the
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EISPACK collection [14]. As noted in Ref. [7], some separa-
tion constants (and the corresponding elementary solutions)
can appear as complex conjugate pairs. And so, to avoid
having to use complex mode when solving the linear system
defined by Eqs. (26) and (29), we have worked with the real
and imaginary parts of these quantities, as done in Ref. [7],
to be able to express the elements of the matrix of
coefficients of the linear system in terms of real quantities
only. With this simplification, we were able to use the real
subroutines DGECO and DGESL from the LINPACK collection
[15] to find the coefficients fAjg and fBjg that are required in
Eqs. (32) and (33b).

Table 1
Basic data for the test problem of Ref. [4].

Case $ L t0 m0 l0 FI FQ FU FV

1 0.99 13 1.0 1.0 0.1 1.0 0.0 0.0 0.0

2 0.99 13 10.0 1.0 0.1 1.0 0.0 0.0 0.0

3 0.99 60 1.0 1.0 0.1 1.0 0.0 0.0 0.0

4 0.99 60 10.0 1.0 0.1 1.0 0.0 0.0 0.0

5 0.99 13 1.0 1.0 0.1 0.0 0.0 0.0 1.0

6 0.99 13 10.0 1.0 0.1 0.0 0.0 0.0 1.0

7 0.99 60 1.0 1.0 0.1 0.0 0.0 0.0 1.0
8 0.99 60 10.0 1.0 0.1 0.0 0.0 0.0 1.0

Table 2
The Stokes parameter Inðt,m,fÞ for Case 1.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 2.02565(%1) 1.98207(%1) 1.93258(%1) 1.82186(%1) 1.44089(%1) 1.11594(%1) 8.37897(%2)
%0.9 2.08359(%1) 2.04507(%1) 1.99929(%1) 1.89270(%1) 1.50323(%1) 1.15216(%1) 8.37897(%2)
%0.8 2.15454(%1) 2.12242(%1) 2.08139(%1) 1.98046(%1) 1.58249(%1) 1.19959(%1) 8.37897(%2)
%0.7 2.23992(%1) 2.21610(%1) 2.18144(%1) 2.08863(%1) 1.68373(%1) 1.26237(%1) 8.37897(%2)
%0.6 2.34050(%1) 2.32781(%1) 2.30195(%1) 2.22125(%1) 1.81403(%1) 1.34688(%1) 8.37897(%2)
%0.5 2.45504(%1) 2.45769(%1) 2.44438(%1) 2.38226(%1) 1.98341(%1) 1.46345(%1) 8.37897(%2)
%0.4 2.57710(%1) 2.60134(%1) 2.60630(%1) 2.57324(%1) 2.20547(%1) 1.62971(%1) 8.37897(%2)
%0.3 2.68826(%1) 2.74302(%1) 2.77458(%1) 2.78685(%1) 2.49598(%1) 1.87749(%1) 8.37897(%2)
%0.2 2.74783(%1) 2.84413(%1) 2.91238(%1) 2.99078(%1) 2.85870(%1) 2.26537(%1) 8.37897(%2)
%0.1 2.69718(%1) 2.84664(%1) 2.95898(%1) 3.11561(%1) 3.21977(%1) 2.86477(%1) 8.37897(%2)
%0.0 2.43633(%1) 2.70739(%1) 2.88347(%1) 3.13166(%1) 3.43359(%1) 3.34366(%1) 8.37897(%2)
0.0 2.70739(%1) 2.88347(%1) 3.13166(%1) 3.43359(%1) 3.34366(%1) 2.84619(%1)
0.1 1.08989(%1) 1.83439(%1) 2.70981(%1) 3.54487(%1) 3.60598(%1) 3.32544(%1)
0.2 6.65179(%2) 1.23081(%1) 2.10614(%1) 3.43327(%1) 3.75204(%1) 3.65122(%1)
0.3 5.12244(%2) 9.78519(%2) 1.77185(%1) 3.25687(%1) 3.78750(%1) 3.87218(%1)
0.4 4.43703(%2) 8.59367(%2) 1.59777(%1) 3.13643(%1) 3.80426(%1) 4.03884(%1)
0.5 4.13904(%2) 8.06590(%2) 1.51912(%1) 3.09335(%1) 3.85498(%1) 4.20371(%1)
0.6 4.06693(%2) 7.94391(%2) 1.50496(%1) 3.12603(%1) 3.96202(%1) 4.40046(%1)
0.7 4.15250(%2) 8.11383(%2) 1.54025(%1) 3.23077(%1) 4.13601(%1) 4.65011(%1)
0.8 4.36522(%2) 8.52376(%2) 1.61790(%1) 3.40613(%1) 4.38428(%1) 4.96775(%1)
0.9 4.69281(%2) 9.15311(%2) 1.73528(%1) 3.65355(%1) 4.71419(%1) 5.36649(%1)
1.0 5.13327(%2) 9.99950(%2) 1.89258(%1) 3.97718(%1) 5.13448(%1) 5.85958(%1)

Table 3
The Stokes parameter Qnðt,m,fÞ for Case 1.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 %1.06671(%2) %1.03468(%2) %9.96430(%3) %9.08192(%3) %5.91249(%3) %2.96970(%3)
%0.8 %2.24128(%2) %2.17908(%2) %2.10331(%2) %1.92582(%2) %1.27283(%2) %6.49434(%3)
%0.7 %3.53995(%2) %3.45114(%2) %3.34004(%2) %3.07464(%2) %2.06908(%2) %1.07589(%2)
%0.6 %4.97781(%2) %4.86888(%2) %4.72721(%2) %4.37980(%2) %3.01321(%2) %1.60432(%2)
%0.5 %6.56311(%2) %6.44544(%2) %6.28246(%2) %5.86724(%2) %4.15070(%2) %2.27909(%2)
%0.4 %8.28391(%2) %8.17666(%2) %8.00888(%2) %7.55448(%2) %5.54191(%2) %3.17446(%2)
%0.3 %1.00794(%1) %1.00127(%1) %9.86688(%2) %9.42367(%2) %7.25546(%2) %4.42202(%2)
%0.2 %1.17946(%1) %1.18092(%1) %1.17203(%1) %1.13569(%1) %9.30946(%2) %6.25964(%2)
%0.1 %1.31819(%1) %1.33305(%1) %1.33290(%1) %1.30864(%1) %1.14070(%1) %8.96141(%2)
%0.0 %1.37168(%1) %1.43241(%1) %1.45149(%1) %1.44739(%1) %1.29933(%1) %1.11340(%1)
0.0 %1.43241(%1) %1.45149(%1) %1.44739(%1) %1.29933(%1) %1.11340(%1) %8.59289(%2)
0.1 %5.93704(%2) %9.65306(%2) %1.32905(%1) %1.41833(%1) %1.24976(%1) %1.02435(%1)
0.2 %3.50695(%2) %6.29389(%2) %1.01443(%1) %1.38660(%1) %1.32064(%1) %1.13641(%1)
0.3 %2.51153(%2) %4.66756(%2) %8.01213(%2) %1.25990(%1) %1.29307(%1) %1.17594(%1)
0.4 %1.93952(%2) %3.66657(%2) %6.50150(%2) %1.11028(%1) %1.20269(%1) %1.14545(%1)
0.5 %1.53877(%2) %2.93717(%2) %5.30842(%2) %9.55401(%2) %1.07523(%1) %1.06110(%1)
0.6 %1.21482(%2) %2.33248(%2) %4.26676(%2) %7.95580(%2) %9.20474(%2) %9.33371(%2)
0.7 %9.22149(%3) %1.77716(%2) %3.27700(%2) %6.26386(%2) %7.39749(%2) %7.66019(%2)
0.8 %6.34038(%3) %1.22485(%2) %2.27087(%2) %4.41917(%2) %5.30089(%2) %5.58028(%2)
0.9 %3.31764(%3) %6.41905(%3) %1.19456(%2) %2.35555(%2) %2.85976(%2) %3.05026(%2)
1.0 0.0 0.0 0.0 0.0 0.0 0.0
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Now, with regard to the ‘‘narrowness’’ parameter E
that is used to define the nascent delta function in
Eq. (14), we have concluded from numerical experiments
that a good choice is 10%8rEr10%6, when calculations are
performed in double (64-bit) precision and six significant
figures of accuracy in the numerical results for the Stokes
parameters are sought. With a choice of E in this range, we
have found that a very low quadrature order can be used in

the interval of support of the nascent delta, and so we have
fixed N2 ¼ 2. The order of the quadrature applied to the
subintervals where the nascent delta vanishes was initially
chosen as N1 ¼ 10 and subsequently increased in steps of 10
in our calculations, until convergence to the desired accu-
racy in the numerical results was attained.

We have considered all of the problems solved in
Refs. [4–7] to test our solution. We do not tabulate our

Table 4
The Stokes parameter Inðt,m,fÞ for Case 2.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 6.79736(%1) 6.80784(%1) 6.55293(%1) 5.77979(%1) 3.29767(%1) 1.52077(%1) 1.94323(%2)
%0.9 6.71605(%1) 6.83338(%1) 6.63669(%1) 5.91472(%1) 3.43697(%1) 1.63156(%1) 1.94323(%2)
%0.8 6.61346(%1) 6.84883(%1) 6.71599(%1) 6.05025(%1) 3.57928(%1) 1.74945(%1) 1.94323(%2)
%0.7 6.48587(%1) 6.85242(%1) 6.78989(%1) 6.18614(%1) 3.72431(%1) 1.87390(%1) 1.94323(%2)
%0.6 6.32880(%1) 6.84210(%1) 6.85731(%1) 6.32213(%1) 3.87189(%1) 2.00392(%1) 1.94323(%2)
%0.5 6.13670(%1) 6.81551(%1) 6.91706(%1) 6.45796(%1) 4.02197(%1) 2.13815(%1) 1.94323(%2)
%0.4 5.90231(%1) 6.76985(%1) 6.96775(%1) 6.59333(%1) 4.17465(%1) 2.27495(%1) 1.94323(%2)
%0.3 5.61542(%1) 6.70171(%1) 7.00777(%1) 6.72788(%1) 4.33011(%1) 2.41307(%1) 1.94323(%2)
%0.2 5.25956(%1) 6.60679(%1) 7.03520(%1) 6.86124(%1) 4.48854(%1) 2.55229(%1) 1.94323(%2)
%0.1 4.80066(%1) 6.47904(%1) 7.04766(%1) 6.99297(%1) 4.65014(%1) 2.69312(% l) 1.94323(%2)
%0.0 4.06402(%1) 6.30845(%1) 7.04187(%1) 7.12257(%1) 4.81513(%1) 2.83595(%1) 1.94323(%2)
0.0 6.30845(%1) 7.04187(%1) 7.12257(%1) 4.81513(%1) 2.83595(%1) 8.79570(%2)
0.1 6.04386(%1) 7.01185(%1) 7.24941(%1) 4.98372(%1) 2.98102(%1) 1.07734(%1)
0.2 5.48620(%1) 6.92281(%1) 7.37219(%1) 5.15617(%1) 3.12856(%1) 1.23934(%1)
0.3 4.90204(%1) 6.74002(%1) 7.48509(%1) 5.33277(%1) 3.27879(%1) 1.39345(%1)
0.4 4.45886(%1) 6.52905(%1) 7.58122(%1) 5.51386(%1) 3.43196(%1) 1.54420(%1)
0.5 4.16637(%1) 6.35747(%1) 7.66788(%1) 5.69975(%1) 3.58830(%1) 1.69352(%1)
0.6 4.00504(%1) 6.26198(%1) 7.76462(%1) 5.89091(%1) 3.74811(%1) 1.84248(%1)
0.7 3.95690(%1) 6.26047(%1) 7.89453(%1) 6.08841(%1) 3.91170(%1) 1.99182(%1)
0.8 4.01026(%1) 6.36302(%1) 8.07993(%1) 6.29465(%1) 4.07956(%1) 2.14210(%1)
0.9 4.15926(%1) 6.57756(%1) 8.34159(%1) 6.51389(%1) 4.25244(%1) 2.29383(%1)
1.0 4.40283(%1) 6.91274(%1) 8.69948(%1) 6.75248(%1) 4.43165(%1) 2.44755(%1)

Table 5
The Stokes parameter Qnðt,m,fÞ for Case 2.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 %1.46683(%2) %1.17821(%2) %8.69552(%3) %4.46006(%3) %8.44952(%4) %5.36078(%4)
%0.8 %2.98438(%2) %2.40613(%2) %1.77625(%2) %9.07718(%3) %1.66200(%3) %1.01109(%3)
%0.7 %4.55361(%2) %3.68728(%2) %2.72319(%2) %1.38667(%2) %2.45329(%3) %1.42272(%3)
%0.6 %6.17308(%2) %5.02456(%2) %3.71333(%2) %1.88440(%2) %3.22068(%3) %1.77000(%3)
%0.5 %7.83696(%2) %6.41970(%2) %4.74920(%2) %2.40242(%2) %3.96524(%3) %2.05471(%3)
%0.4 %9.53158(%2) %7.87217(%2) %5.83247(%2) %2.94205(%2) %4.68682(%3) %2.28319(%3)
%0.3 %1.12287(%1) %9.37729(%2) %6.96310(%2) %3.50427(%2) %5.38386(%3) %2.46705(%3)
%0.2 %1.28705(%1) %1.09228(%1) %8.13788(%2) %4.08930(%2) %6.05370(%3) %2.61915(%3)
%0.1 %1.43269(%1) %1.24820(%1) %9.34772(%2) %4.69600(%2) %6.69298(%3) %2.74446(%3)
%0.0 %1.50740(%1) %1.39973(%1) %1.05722(%1) %5.32059(%2) %7.29746(%3) %2.83991(%3)
0.0 %1.39973(%1) %1.05722(%1) %5.32059(%2) %7.29746(%3) %2.83991(%3) %5.79692(%3)
0.1 %1.52101(%1) %1.17648(%1) %5.95427(%2) %7.86137(%3) %2.90090(%3) %4.84545(%3)
0.2 %1.48358(%1) %1.27003(%1) %6.57652(%2) %8.37610(%3) %2.92255(%3) %4.21466(%3)
0.3 %1.34462(%1) %1.29449(%1) %7.12125(%2) %8.82746(%3) %2.89951(%3) %3.65742(%3)
0.4 %1.18155(%1) %1.24849(%1) %7.45216(%2) %9.18844(%3) %2.82557(%3) %3.13758(%3)
0.5 %1.01356(%1) %1.14788(%1) %7.44061(%2) %9.39764(%3) %2.69259(%3) %2.63805(%3)
0.6 %8.41225(%2) %1.00334(%1) %7.00568(%2) %9.32174(%3) %2.48741(%3) %2.14693(%3)
0.7 %6.60067(%2) %8.18819(%2) %6.09555(%2) %8.72762(%3) %2.18443(%3) %1.65342(%3)
0.8 %4.64066(%2) %5.93410(%2) %4.66403(%2) %7.27871(%3) %1.73421(%3) %1.14500(%3)
0.9 %2.46502(%2) %3.22796(%2) %2.65611(%2) %4.54336(%3) %1.05074(%3) %6.03533(%4)
1.0 0.0 0.0 0.0 0.0 0.0 0.0
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numerical results for the problems solved in Refs. [5–7]
here, since we were able to reproduce the highly accurate
results reported for these problems in Refs. [6,7] with a
tolerance of 71 in the last (sixth) significant figure,
except for two entries in Table 16 of Ref. [6] which
displayed differences of 2 and 3 units in the sixth figure.
However, with regard to the azimuthally independent
problem solved in Ref. [4], we note that the spherical
harmonics method used in that work could not provide
accurate results at the boundaries as 9m9-0. As the ADO

method used in this work does not suffer from that
limitation, we believed it useful to report improved
numerical results for the problem of Ref. [4]. And so, in
Table 1 we report the basic parameters that define the
eight cases of the problem introduced in Ref. [4] and
reconsidered in this work. We note that the Greek con-
stants for the L¼13 and L¼60 phase matrices used to
define these test cases were computed by de Rooij and
van der Stap with the methods described in Ref. [16] and
tabulated by Vestrucci and Siewert [17].

Table 6
The Stokes parameter Inðt,m,fÞ for Case 3.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 1.91132(%1) 1.86169(%1) 1.81136(%1) 1.70944(%1) 1.39952(%1) 1.14341(%1) 8.97139(%2)
%0.9 1.93042(%1) 1.88297(%1) 1.83428(%1) 1.73428(%1) 1.42170(%1) 1.15618(%1) 8.97139(%2)
%0.8 1.66339(%1) 1.63474(%1) 1.60389(%1) 1.53719(%1) 1.30935(%1) 1.10223(%1) 8.97139(%2)
%0.7 1.61591(%1) 1.59481(%1) 1.57058(%1) 1.51495(%1) 1.30654(%1) 1.10351(%1) 8.97139(%2)
%0.6 1.63466(%1) 1.61978(%1) 1.60057(%1) 1.55216(%1) 1.34686(%1) 1.12870(%1) 8.97139(%2)
%0.5 1.69736(%1) 1.68981(%1) 1.67629(%1) 1.63546(%1) 1.42694(%1) 1.17859(%1) 8.97139(%2)
%0.4 1.78937(%1) 1.79293(%1) 1.78832(%1) 1.76031(%1) 1.55372(%1) 1.26218(%1) 8.97139(%2)
%0.3 1.88810(%1) 1.91042(%1) 1.92170(%1) 1.91932(%1) 1.74244(%1) 1.40260(%1) 8.97139(%2)
%0.2 1.93917(%1) 1.99372(%1) 2.03258(%1) 2.07855(%1) 2.00306(%1) 1.64990(%1) 8.97139(%2)
%0.1 1.83929(%1) 1.94882(%1) 2.03004(%1) 2.14832(%1) 2.27375(%1) 2.07199(%1) 8.97139(%2)
%0.0 1.38745(%1) 1.66288(%1) 1.82148(%1) 2.04350(%1) 2.38557(%1) 2.43263(%1) 8.97139(%2)
0.0 1.66288(%1) 1.82148(%1) 2.04350(%1) 2.38557(%1) 2.43263(%1) 2.07562(%1)
0.1 5.64708(%2) 9.93784(%2) 1.56750(%1) 2.32076(%1) 2.54388(%1) 2.51089(%1)
0.2 3.08370(%2) 5.95828(%2) 1.09311(%1) 2.07112(%1) 2.49306(%1) 2.65663(%1)
0.3 2.26536(%2) 4.47665(%2) 8.61210(%2) 1.83729(%1) 2.37119(%1) 2.67786(%1)
0.4 1.96550(%2) 3.90326(%2) 7.61769(%2) 1.70846(%1) 2.29252(%1) 2.68790(%1)
0.5 1.91023(%2) 3.79176(%2) 7.41743(%2) 1.69143(%1) 2.31051(%1) 2.76574(%1)
0.6 2.04165(%2) 4.04020(%2) 7.87574(%2) 1.79336(%1) 2.46001(%1) 2.96932(%1)
0.7 2.38609(%2) 4.70152(%2) 9.10462(%2) 2.04805(%1) 2.79535(%1) 3.37101(%1)
0.8 3.03993(%2) 5.96288(%2) 1.14588(%1) 2.53238(%1) 3.41961(%1) 4.09385(%1)
0.9 4.09481(%2) 8.01824(%2) 1.53629(%1) 3.36931(%1) 4.52405(%1) 5.39043(%1)
1.0 5.63046(%1) 1.07789 1.97545 3.80489 4.59973 4.95021

Table 7
The Stokes parameter Qnðt,m,fÞ for Case 3.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 3.57005(%3) 3.41397(%3) 3.25196(%3) 2.91516(%3) 1.83997(%3) 9.10614(%4)
%0.8 9.84840(%3) 9.36334(%3) 8.87381(%3) 7.88931(%3) 4.92406(%3) 2.45111(%3)
%0.7 1.12134(%2) 1.07181(%2) 1.02084(%2) 9.15953(%3) 5.85060(%3) 2.95477(%3)
%0.6 1.16945(%2) 1.12525(%2) 1.07839(%2) 9.78714(%3) 6.43526(%3) 3.31147(%3)
%0.5 1.25140(%2) 1.21340(%2) 1.17129(%2) 1.07754(%2) 7.34607(%3) 3.88063(%3)
%0.4 1.37876(%2) 1.34955(%2) 1.31440(%2) 1.22995(%2) 8.80141(%3) 4.83508(%3)
%0.3 1.53953(%2) 1.52546(%2) 1.50290(%2) 1.43809(%2) 1.10319(%2) 6.46802(%3)
%0.2 1.68880(%2) 1.70192(%2) 1.70223(%2) 1.67686(%2) 1.42192(%2) 9.37869(%3)
%0.1 1.73198(%2) 1.79412(%2) 1.83118(%2) 1.86666(%2) 1.78171(%2) 1.44002(%2)
%0.0 1.47216(%2) 1.69030(%2) 1.80106(%2) 1.93135(%2) 2.02178(%2) 1.90143(%2)
0.0 1.69030(%2) 1.80106(%2) 1.93135(%2) 2.02178(%2) 1.90143(%2) 1.43146(%2)
0.1 6.25545(%3) 1.07363(%2) 1.61940(%2) 2.13278(%2) 2.14880(%2) 1.95581(%2)
0.2 3.67119(%3) 6.90966(%3) 1.21146(%2) 2.04363(%2) 2.25776(%2) 2.22469(%2)
0.3 2.84718(%3) 5.48078(%3) 1.00714(%2) 1.91086(%2) 2.26157(%2) 2.35979(%2)
0.4 2.52125(%3) 4.88464(%3) 9.11989(%3) 1.82152(%2) 2.24151(%2) 2.42632(%2)
0.5 2.37042(%3) 4.60319(%3) 8.64713(%3) 1.76689(%2) 2.21934(%2) 2.45533(%2)
0.6 2.26223(%3) 4.39611(%3) 8.27706(%3) 1.70869(%2) 2.16916(%2) 2.43011(%2)
0.7 2.08313(%3) 4.04774(%3) 7.62566(%3) 1.58137(%2) 2.01889(%2) 2.27851(%2)
0.8 1.62818(%3) 3.16606(%3) 5.97612(%3) 1.24844(%2) 1.60532(%2) 1.82666(%2)
0.9 7.39513(%4) 1.45257(%3) 2.79492(%3) 6.14543(%3) 8.19845(%3) 9.64026(%3)
1.0 0.0 0.0 0.0 0.0 0.0 0.0
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In Tables 2–17, we report our numerical results for the
diffuse component of the Stokes vector which we write,
following Eqs. (10), as

Inðt,m,fÞ ¼
XL

m ¼ 0

X2

a ¼ 1

Um
a ðf%f0Þ½I

m
a ðt,mÞ%Ima ð0,mÞ e%t=m(

ð38aÞ

and

Inðt,%m,fÞ ¼
XL

m ¼ 0

X2

a ¼ 1

Um
a ðf%f0ÞI

m
a ðt,%mÞ, ð38bÞ

for m 2 ½0;1( and f 2 ½0;2p(. Only the nonzero Stokes
parameters for each case are shown in these tables. The
converged numerical results reported in Tables 2–17 were

Table 8
The Stokes parameter Inðt,m,fÞ for Case 4.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 6.08045(%1) 5.88511(%1) 5.62618(%1) 5.01210(%1) 2.99056(%1) 1.44219(%1) 2.98843(%2)
%0.9 6.03519(%1) 5.91338(%1) 5.70313(%1) 5.14655(%1) 3.16061(%1) 1.56519(%1) 2.98843(%2)
%0.8 5.60424(%1) 5.67648(%1) 5.59948(%1) 5.20054(%1) 3.33226(%1) 1.70446(%1) 2.98843(%2)
%0.7 5.41003(%1) 5.60449(%1) 5.60999(%1) 5.31012(%1) 3.51666(%1) 1.86228(%1) 2.98843(%2)
%0.6 5.25185(%1) 5.56476(%1) 5.64677(%1) 5.43669(%1) 3.70917(%1) 2.03781(%1) 2.98843(%2)
%0.5 5.08556(%1) 5.52526(%1) 5.68633(%1) 5.56793(%1) 3.90703(%1) 2.22857(%1) 2.98843(%2)
%0.4 4.88173(%1) 5.46589(%1) 5.71440(%1) 5.69659(%1) 4.10856(%1) 2.43002(%1) 2.98843(%2)
%0.3 4.61362(%1) 5.37055(%1) 5.71987(%1) 5.81705(%1) 4.31286(%1) 2.63662(%1) 2.98843(%2)
%0.2 4.24284(%1) 5.22361(%1) 5.69239(%1) 5.92417(%1) 4.51948(%1) 2.84466(%1) 2.98843(%2)
%0.1 3.68572(%1) 5.00606(%1) 5.62081(%1) 6.01265(%1) 4.72804(%1) 3.05376(%1) 2.98843(%2)
%0.0 2.61379(%1) 4.68882(%1) 5.49143(%1) 6.07676(%1) 4.93817(%1) 3.26476(%1) 2.98843(%2)
0.0 4.68882(%1) 5.49143(%1) 6.07676(%1) 4.93817(%1) 3.26476(%1) 1.14236(%1)
0.1 4.20368(%1) 5.28544(%1) 6.11029(%1) 5.14951(%1) 3.47836(%1) 1.55633(%1)
0.2 3.49514(%1) 4.97168(%1) 6.10696(%1) 5.36178(%1) 3.69515(%1) 1.84038(%1)
0.3 2.88943(%1) 4.58340(%1) 6.06358(%1) 5.57516(%1) 3.91572(%1) 2.09212(%1)
0.4 2.50017(%1) 4.24340(%1) 5.99863(%1) 5.79102(%1) 4.14084(%1) 2.33295(%1)
0.5 2.30299(%1) 4.03738(%1) 5.96452(%1) 6.01390(%1) 4.37185(%1) 2.57037(%1)
0.6 2.27705(%1) 4.01583(%1) 6.03545(%1) 6.25554(%1) 4.61148(%1) 2.80783(%1)
0.7 2.43846(%1) 4.23961(%1) 6.30725(%1) 6.54194(%1) 4.86583(%1) 3.04826(%1)
0.8 2.85327(%1) 4.82139(%1) 6.92571(%1) 6.92795(%1) 5.14939(%1) 3.29614(%1)
0.9 3.63744(%1) 6.00542(%1) 8.26548(%1) 7.59019(%1) 5.51112(%1) 3.56347(%1)
1.0 3.82769 5.00279 4.40287 1.40335 6.83487(%1) 3.98260(%1)

Table 9
The Stokes parameter Qnðt,m,fÞ for Case 4.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 6.38581(%3) 5.46015(%3) 4.49551(%3) 2.88556(%3) 7.24980(%4) 3.46293(%4)
%0.8 1.47773(%2) 1.16782(%2) 9.11464(%3) 5.49008(%3) 1.31616(%3) 6.45905(%4)
%0.7 1.70385(%2) 1.40066(%2) 1.12531(%2) 7.06484(%3) 1.80115(%3) 9.06684(%4)
%0.6 1.78360(%2) 1.52929(%2) 1.26538(%2) 8.27116(%3) 2.22677(%3) 1.13120(%3)
%0.5 1.86226(%2) 1.65724(%2) 1.40451(%2) 9.46639(%3) 2.63761(%3) 1.32291(%3)
%0.4 1.95143(%2) 1.79878(%2) 1.55623(%2) 1.07490(%2) 3.05703(%3) 1.48463(%3)
%0.3 2.04179(%2) 1.95292(%2) 1.72290(%2) 1.21575(%2) 3.49950(%3) 1.62335(%3)
%0.2 2.11013(%2) 2.11544(%2) 1.90508(%2) 1.37189(%2) 3.97585(%3) 1.75200(%3)
%0.1 2.09696(%2) 2.27814(%2) 2.10190(%2) 1.54555(%2) 4.49551(%3) 1.88296(%3)
%0.0 1.78800(%2) 2.42071(%2) 2.30805(%2) 1.73789(%2) 5.06696(%3) 2.02237(%3)
0.0 2.42071(%2) 2.30805(%2) 1.73789(%2) 5.06696(%3) 2.02237(%3) 1.85206(%3)
0.1 2.47890(%2) 2.50721(%2) 1.94722(%2) 5.69655(%3) 2.17229(%3) 1.88786(%3)
0.2 2.32683(%2) 2.65334(%2) 2.16550(%2) 6.38513(%3) 2.33239(%3) 1.79535(%3)
0.3 2.13065(%2) 2.70930(%2) 2.37258(%2) 7.12097(%3) 2.49945(%3) 1.67235(%3)
0.4 1.98924(%2) 2.70949(%2) 2.54106(%2) 7.86652(%3) 2.66483(%3) 1.55308(%3)
0.5 1.89366(%2) 2.67947(%2) 2.64781(%2) 8.53609(%3) 2.80899(%3) 1.44115(%3)
0.6 1.80224(%2) 2.60164(%2) 2.66233(%2) 8.96325(%3) 2.89105(%3) 1.32258(%3)
0.7 1.64681(%2) 2.40264(%2) 2.51570(%2) 8.84908(%3) 2.83090(%3) 1.17312(%3)
0.8 1.28946(%2) 1.90720(%2) 2.05335(%2) 7.69113(%3) 2.48644(%3) 9.53702(%4)
0.9 6.33707(%3) 1.00293(%2) 1.18747(%2) 5.08435(%3) 1.68806(%3) 6.07368(%4)
1.0 0.0 0.0 0.0 0.0 0.0 0.0
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obtained by using our FORTRAN code in double precision
with E¼ 10%8 and are thought to be accurate to within
71 in the sixth digit, with the exception of only one
entry: Vnðt,m,fÞ of Case 5 for t¼ t0=5 and m¼%0:5. As
can be seen from Table 11, this entry has a magnitude
much smaller than those of its neighbor entries and, for
this reason, it is very difficult to compute accurately when
double precision is used. We show in Table 18 a compar-
ison of numerical results from our code used in double

and quadruple (128-bit) precisions for this entry, with
N1 ¼ 40 and N2 ¼ 2. A progressive deterioration in the
accuracy of the double-precision results as E is reduced
can be clearly seen. Also, it is apparent that the quad-
ruple-precision results converge to a stable value
(%8:41165& 10%5).

The CPU time for running a typical case on a notebook
computer equipped with a 2.1-GHz Intel Core 2 Duo
processor varied between 0.06 s (Case 6) and 0.44 s

Table 10
The Stokes parameter Unðt,m,fÞ for Case 5.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 1.01903(%3) 9.25123(%4) 8.39427(%4) 6.87888(%4) 3.48178(%4) 1.52233(%4)
%0.8 1.75675(%3) 1.58513(%3) 1.42975(%3) 1.15792(%3) 5.65803(%4) 2.40863(%4)
%0.7 2.18846(%3) 1.95526(%3) 1.74630(%3) 1.38593(%3) 6.32897(%4) 2.53317(%4)
%0.6 2.28398(%3) 2.00480(%3) 1.75801(%3) 1.34063(%3) 5.21118(%4) 1.70281(%4)
%0.5 2.00929(%3) 1.69814(%3) 1.42798(%3) 9.82998(%4) 1.90035(%4) %3.91008(%5)
%0.4 1.33232(%3) 9.99840(%4) 7.17652(%4) 2.68746(%4) %4.17738(%4) %4.26834(%4)
%0.3 2.39167(%4) %1.10051(%4) %3.98584(%4) %8.39364(%4) %1.37901(%3) %1.08628(%3)
%0.2 %1.23319(%3) %1.60194(%3) %1.89770(%3) %2.33283(%3) %2.76705(%3) %2.19273(%3)
%0.1 %2.97646(%3) %3.37419(%3) %3.67828(%3) %4.10375(%3) %4.50210(%3) %4.00190(%3)
%0.0 %4.75009(%3) %5.29302(%3) %5.63854(%3) %6.06594(%3) %6.29029(%3) %5.88105(%3)
0.0 %5.29302(%3) %5.63854(%3) %6.06594(%3) %6.29029(%3) %5.88105(%3) %4.99868(%3)
0.1 %3.07772(%3) %5.05776(%3) %7.13040(%3) %8.15801(%3) %7.57956(%3) %6.61020(%3)
0.2 %2.32352(%3) %4.16677(%3) %6.73024(%3) %9.36144(%3) %9.11858(%3) %8.12633(%3)
0.3 %1.98891(%3) %3.67419(%3) %6.26028(%3) %9.76892(%3) %1.00638(%2) %9.29945(%3)
0.4 %1.75801(%3) %3.29482(%3) %5.77067(%3) %9.65155(%3) %1.03848(%2) %9.93311(%3)
0.5 %1.54860(%3) %2.92672(%3) %5.21152(%3) %9.12101(%3) %1.01356(%2) %9.97469(%3)
0.6 %1.32705(%3) %2.52157(%3) %4.53950(%3) %8.20085(%3) %9.33706(%3) %9.40082(%3)
0.7 %1.07442(%3) %2.04919(%3) %3.71771(%3) %6.87450(%3) %7.97500(%3) %8.17806(%3)
0.8 %7.76990(%4) %1.48596(%3) %2.71135(%3) %5.10352(%3) %6.00890(%3) %6.25455(%3)
0.9 %4.22774(%4) %8.10209(%4) %1.48486(%3) %2.83425(%3) %3.37724(%3) %3.55887(%3)
1.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 11
The Stokes parameter Vnðt,m,fÞ for Case 5.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 %4.40011(%2) %4.16854(%2) %3.94272(%2) %3.50329(%2) %2.23385(%2) %1.16580(%2)
%0.9 %3.97350(%2) %3.74123(%2) %3.51949(%2) %3.09931(%2) %1.95011(%2) %1.02459(%2)
%0.8 %3.44658(%2) %3.20948(%2) %2.98897(%2) %2.58561(%2) %1.57211(%2) %8.26369(%3)
%0.7 %2.79277(%2) %2.54476(%2) %2.32098(%2) %1.92947(%2) %1.06639(%2) %5.47642(%3)
%0.6 %1.98037(%2) %1.71212(%2) %1.47767(%2) %1.08817(%2) %3.84599(%3) %1.51696(%3)
%0.5 %9.75899(%3) %6.72623(%3) %4.15012(%3) %8.41158(%5) 5.43962(%3) 4.21506(%3)
%0.4 2.44343(%3) 6.06376(%3) 9.08298(%3) 1.36812(%2) 1.82193(%2) 1.27561(%2)
%0.3 1.66377(%2) 2.12116(%2) 2.50154(%2) 3.07878(%2) 3.58776(%2) 2.60065(%2)
%0.2 3.16846(%2) 3.76916(%2) 4.27357(%2) 5.06129(%2) 5.96398(%2) 4.75857(%2)
%0.1 4.54561(%2) 5.33534(%2) 5.99861(%2) 7.06002(%2) 8.73437(%2) 8.27468(%2)
%0.0 5.52840(%2) 6.68269(%2) 7.56921(%2) 8.95627(%2) 1.12494(%1) 1.17302(%1)
0.0 6.68269(%2) 7.56921(%2) 8.95627(%2) 1.12494(%1) 1.17302(%1) 1.06140(%1)
0.1 3.75868(%2) 6.42147(%2) 9.78150(%2) 1.37525(%1) 1.46051(%1) 1.41096(%1)
0.2 3.01055(%2) 5.56196(%2) 9.53114(%2) 1.57294(%1) 1.74383(%1) 1.74044(%1)
0.3 2.85021(%2) 5.39337(%2) 9.64212(%2) 1.73525(%1) 2.00445(%1) 2.06365(%1)
0.4 2.89054(%2) 5.52510(%2) 1.00706(%1) 1.90041(%1) 2.25975(%1) 2.38491(%1)
0.5 3.03912(%2) 5.83755(%2) 1.07470(%1) 2.08487(%1) 2.52796(%1) 2.71731(%1)
0.6 3.26567(%2) 6.28866(%2) 1.16417(%1) 2.29681(%1) 2.82196(%1) 3.07383(%1)
0.7 3.56000(%2) 6.86481(%2) 1.27487(%1) 2.54203(%1) 3.15162(%1) 3.46596(%1)
0.8 3.92039(%2) 7.56538(%2) 1.40761(%1) 2.82594(%1) 3.52566(%1) 3.90438(%1)
0.9 4.34963(%2) 8.39713(%2) 1.56412(%1) 3.15429(%1) 3.95273(%1) 4.39967(%1)
1.0 4.85343(%2) 9.37184(%2) 1.74689(%1) 3.53353(%1) 4.44201(%1) 4.96293(%1)
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(Case 3). To establish confidence in the accuracy of the
numerical results reported in Tables 2–17, we have com-
pared them with similar results obtained by running our
code in quadruple precision and high order (N1 ¼ 200,
N2 ¼ 4, and E¼ 10%12). With regard to the quadrature order
N1 required for six-digit convergence, we have found that
the following values of N1 were sufficient: N1 ¼ 20 for Cases
2 and 6, N1 ¼ 30 for Cases 1 and 8, N1 ¼ 40 for Cases 5 and 7,
N1 ¼ 50 for Case 4, and N1 ¼ 60 for Case 3.

6. Concluding remarks

We have described in this work an alternative (and we
believe much simpler) implementation of the ADO version
of the discrete-ordinates method for solving the albedo
problem with polarization and Lambert ground reflection.
The ease of implementation characteristic of the new
approach is due, in great part, to the fact that it avoids the
use of particular solutions that can be very complicated if all

Table 12
The Stokes parameter Unðt,m,fÞ for Case 6.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 1.10058(%3) 4.67872(%4) 1.81520(%4) %9.28361(%6) %2.21412(%5) %6.65485(%6)
%0.8 1.85552(%3) 7.06210(%4) 2.11901(%4) %8.51058(%5) %5.17537(%5) %1.49308(%5)
%0.7 2.25842(%3) 7.10093(%4) 8.81225(%5) %2.28264(%4) %8.86613(%5) %2.47728(%5)
%0.6 2.30183(%3) 4.73507(%4) %1.93516(%4) %4.39715(%4) %1.32635(%4) %3.60935(%5)
%0.5 1.97821(%3) %1.03540(%5) %6.37262(%4) %7.20517(%4) %1.83377(%4) %4.87675(%5)
%0.4 1.28187(%3) %7.48535(%4) %1.24766(%3) %1.07174(%3) %2.40502(%4) %6.26307(%5)
%0.3 2.12918(%4) %1.74726(%3) %2.02911(%3) %1.49433(%3) %3.03510(%4) %7.74882(%5)
%0.2 %1.21400(%3) %3.00988(%3) %2.98501(%3) %1.98884(%3) %3.71746(%4) %9.31183(%5)
%0.1 %2.94531(%3) %4.53262(%3) %4.11620(%3) %2.55507(%3) %4.44354(%4) %1.09244(%4)
%0.0 %4.72955(%3) %6.29405(%3) %5.41749(%3) %3.19129(%3) %5.20209(%4) %1.25493(%4)
0.0 %6.29405(%3) %5.41749(%3) %3.19129(%3) %5.20209(%4) %1.25493(%4) %2.98122(%5)
0.1 %8.16950(%3) %6.86845(%3) %3.89281(%3) %5.97819(%4) %1.41384(%4) %3.38023(%5)
0.2 %9.38106(%3) %8.34213(%3) %4.64777(%3) %6.75185(%4) %1.56299(%4) %3.72847(%5)
0.3 %9.79404(%3) %9.49060(%3) %5.41303(%3) %7.49566(%4) %1.69435(%4) %4.02410(%5)
0.4 %9.67911(%3) %1.01037(%2) %6.07519(%3) %8.16957(%4) %1.79735(%4) %4.24122(%5)
0.5 %9.14839(%3) %1.01241(%2) %6.48223(%3) %8.70357(%4) %1.85768(%4) %4.34241(%5)
0.6 %8.22589(%3) %9.52675(%3) %6.48884(%3) %8.95887(%4) %1.85437(%4) %4.27620(%5)
0.7 %6.89540(%3) %8.27743(%3) %5.96559(%3) %8.68322(%4) %1.75256(%4) %3.96919(%5)
0.8 %5.11874(%3) %6.32406(%3) %4.79176(%3) %7.48359(%4) %1.49039(%4) %3.30704(%5)
0.9 %2.84245(%3) %3.59523(%3) %2.84624(%3) %4.81857(%4) %9.62012(%5) %2.09593(%5)
1.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 13
The Stokes parameter Vnðt,m,fÞ for Case 6.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 %5.53582(%2) %4.04641(%2) %3.00816(%2) %1.70352(%2) %3.35730(%3) %9.06632(%4)
%0.9 %4.63502(%2) %3.08442(%2) %2.12589(%2) %1.07402(%2) %1.81396(%3) %4.92407(%4)
%0.8 %3.67491(%2) %2.02445(%2) %1.14078(%2) %3.63053(%3) %5.53592(%5) %1.31397(%5)
%0.7 %2.65222(%2) %8.55368(%3) %3.98874(%4) 4.40347(%3) 1.94822(%3) 5.39569(%4)
%0.6 %1.56428(%2) 4.35381(%3) 1.19174(%2) 1.34894(%2) 4.23160(%3) 1.17489(%3)
%0.5 %4.09910(%3) 1.86189(%2) 2.57132(%2) 2.37761(%2) 6.83583(%3) 1.90290(%3)
%0.4 8.08932(%3) 3.43969(%2) 4.11871(%2) 3.54382(%2) 9.80950(%3) 2.73511(%3)
%0.3 2.08344(%2) 5.18536(%2) 5.85662(%2) 4.86811(%2) 1.32105(%2) 3.68581(%3)
%0.2 3.38943(%2) 7.11521(%2) 7.81074(%2) 6.37463(%2) 1.71078(%2) 4.77401(%3)
%0.1 4.66205(%2) 9.24204(%2) 1.00092(%1) 8.09182(%2) 2.15845(%2) 6.02392(%3)
%0.0 5.60610(%2) 1.15659(%1) 1.24804(%1) 1.00529(%1) 2.67411(%2) 7.46448(%3)
0.0 1.15659(%1) 1.24804(%1) 1.00529(%1) 2.67411(%2) 7.46448(%3) 1.68478(%3)
0.1 1.39911(%1) 1.52456(%1) 1.22959(%1) 3.27004(%2) 9.13074(%3) 2.25923(%3)
0.2 1.59097(%1) 1.82408(%1) 1.48616(%1) 3.96126(%2) 1.10659(%2) 2.83743(%3)
0.3 1.74885(%1) 2.12741(%1) 1.77751(%1) 4.76632(%2) 1.33241(%2) 3.48649(%3)
0.4 1.91067(%1) 2.43394(%1) 2.10270(%1) 5.70796(%2) 1.59733(%2) 4.23319(%3)
0.5 2.09257(%1) 2.75487(%1) 2.46100(%1) 6.81315(%2) 1.91001(%2) 5.10475(%3)
0.6 2.30251(%1) 3.10220(%1) 2.85491(%1) 8.11209(%2) 2.28144(%2) 6.13410(%3)
0.7 2.54614(%1) 3.48686(%1) 3.29004(%1) 9.63736(%2) 2.72532(%2) 7.36327(%3)
0.8 2.82878(%1) 3.91913(%1) 3.77433(%1) 1.14246(%1) 3.25831(%2) 8.84670(%3)
0.9 3.15611(%1) 4.40936(%1) 4.31756(%1) 1.35145(%1) 3.90033(%2) 1.06546(%2)
1.0 3.53454(%1) 4.96846(%1) 4.93120(%1) 1.59551(%1) 4.67497(%2) 1.28763(%2)
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cases are to be considered. The approach follows an idea
introduced in a previous work on the scalar case [1] and
consists essentially in replacing the Dirac delta distribution
used to model the polar-angle dependence of the incident
beam by a rectangular nascent delta function defined in
terms of a ‘‘narrowness’’ parameter E.

Numerical results of benchmark quality that we
believe useful for code verification and validation are
provided for the problem introduced in Ref. [4]. From

extensive numerical testing, we have concluded that a
sufficiently small value of the ‘‘narrowness’’ parameter
can always be found so that the highly accurate results
obtained from the exact formulation based on the Dirac
delta distribution are reproduced. And so, in our continu-
ing work on radiative transfer with polarization, we plan
to extend the methodology developed in this work to the
case of a multilayer medium subject to Fresnel boundary
and interface conditions.

Table 14
The Stokes parameter Unðt,m,fÞ for Case 7.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 0.0 0.0 0.0 0.0 0.0 0.0
%0.9 5.74154(%2) 5.41439(%2) 5.09361(%2) 4.46984(%2) 2.71434(%2) 1.34025(%2)
%0.8 3.35261(%2) 3.17352(%2) 2.99598(%2) 2.64589(%2) 1.63008(%2) 8.09941(%3)
%0.7 2.58526(%2) 2.45489(%2) 2.32414(%2) 2.06293(%2) 1.28511(%2) 6.41201(%3)
%0.6 2.26491(%2) 2.15990(%2) 2.05277(%2) 1.83477(%2) 1.16216(%2) 5.84946(%3)
%0.5 2.19766(%2) 2.10710(%2) 2.01250(%2) 1.81542(%2) 1.17888(%2) 6.04153(%3)
%0.4 2.27917(%2) 2.20027(%2) 2.11509(%2) 1.93198(%2) 1.30254(%2) 6.89310(%3)
%0.3 2.44369(%2) 2.38061(%2) 2.30874(%2) 2.14672(%2) 1.53478(%2) 8.59448(%3)
%0.2 2.60966(%2) 2.57631(%2) 2.52958(%2) 2.41132(%2) 1.88873(%2) 1.18054(%2)
%0.1 2.62908(%2) 2.65823(%2) 2.65598(%2) 2.60970(%2) 2.28953(%2) 1.75221(%2)
%0.0 2.16735(%2) 2.43486(%2) 2.53584(%2) 2.61487(%2) 2.51542(%2) 2.25324(%2)
0.0 2.43486(%2) 2.53584(%2) 2.61487(%2) 2.51542(%2) 2.25324(%2) 1.63907(%2)
0.1 8.09757(%3) 1.37951(%2) 2.04043(%2) 2.52466(%2) 2.44146(%2) 2.17674(%2)
0.2 4.12362(%3) 7.75906(%3) 1.35330(%2) 2.22034(%2) 2.39533(%2) 2.32782(%2)
0.3 2.76791(%3) 5.34713(%3) 9.85164(%3) 1.86035(%2) 2.18489(%2) 2.26795(%2)
0.4 2.13071(%3) 4.15350(%3) 7.81465(%3) 1.57703(%2) 1.94772(%2) 2.11253(%2)
0.5 1.76889(%3) 3.46082(%3) 6.57102(%3) 1.36924(%2) 1.73813(%2) 1.93681(%2)
0.6 1.55413(%3) 3.04078(%3) 5.78582(%3) 1.22059(%2) 1.56964(%2) 1.77533(%2)
0.7 1.44684(%3) 2.82354(%3) 5.35621(%3) 1.12742(%2) 1.45249(%2) 1.65052(%2)
0.8 1.48891(%3) 2.88787(%3) 5.42206(%3) 1.11425(%2) 1.41338(%2) 1.58695(%2)
0.9 9.83806(%4) 1.86850(%3) 3.36743(%3) 6.14990(%3) 7.09817(%3) 7.27340(%3)
1.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 15
The Stokes parameter Vnðt,m,fÞ for Case 7.

m t¼ 0 t¼ t0=20 t¼ t0=10 t¼ t0=5 t¼ t0=2 t¼ 3t0=4 t¼ t0

%1.0 %4.51545(%2) %4.20410(%2) %3.90846(%2) %3.35852(% l) %1.95960(%2) %9.64789(%3)
%0.9 2.60070(%2) 2.48166(%2) 2.35856(%2) 2.10368(%2) 1.30025(%2) 6.25990(%3)
%0.8 2.02095(%2) 1.95168(%2) 1.87459(%2) 1.70233(%2) 1.08743(%2) 5.24220(%3)
%0.7 2.46781(%2) 2.39901(%2) 2.31855(%2) 2.13018(%2) 1.40500(%2) 6.93976(%3)
%0.6 3.04552(%2) 2.98503(%2) 2.90720(%2) 2.70998(%2) 1.86075(%2) 9.49404(%3)
%0.5 3.80022(%2) 3.76048(%2) 3.69537(%2) 3.50352(%2) 2.52377(%2) 1.34090(%2)
%0.4 4.75687(%2) 4.76207(%2) 4.73090(%2) 4.57940(%2) 3.50422(%2) 1.96211(%2)
%0.3 5.85690(%2) 5.95311(%2) 5.99862(%2) 5.96685(% l) 4.96324(%2) 3.00493(%2)
%0.2 6.83037(%2) 7.09390(%2) 7.28606(%2) 7.51460(%2) 7.04104(%2) 4.87172(%2)
%0.1 7.11407(%2) 7.65261(%2) 8.06724(%2) 8.69098(%2) 9.39425(%2) 8.14479(%2)
%0.0 5.79644(%2) 7.07520(%2) 7.86451(%2) 9.01711(%2) 1.09125(%1) 1.12390(%1)
0.0 7.07520(%2) 7.86451(%2) 9.01711(%2) 1.09125(%1) 1.12390(%1) 8.99593(%2)
0.1 2.71184(%2) 4.78708(%2) 7.62047(%2) 1.15852(%1) 1.28830(%1) 1.27299(%1)
0.2 1.69878(%2) 3.26751(%2) 5.97619(%2) 1.13708(%1) 1.37800(%1) 1.47671(%1)
0.3 1.41663(%2) 2.77754(%2) 5.29116(%2) 1.11479(%1) 1.43480(%1) 1.62171(%1)
0.4 1.37145(%2) 2.70028(%2) 5.20492(%2) 1.14193(%1) 1.51716(%1) 1.77043(%1)
0.5 1.46193(%2) 2.87831(%2) 5.55938(%2) 1.23520(%1) 1.66343(%1) 1.97326(%1)
0.6 1.68434(%2) 3.31002(%2) 6.37882(%2) 1.41545(%1) 1.91093(%1) 2.27991(%1)
0.7 2.08731(%2) 4.09077(%2) 7.84860(%2) 1.72578(%1) 2.31945(%1) 2.76262(%1)
0.8 2.77566(%2) 5.42373(%2) 1.03511(%1) 2.24653(%1) 2.99361(%1) 3.54282(%1)
0.9 3.81777(%2) 7.45806(%2) 1.42274(%1) 3.08319(%1) 4.10187(%1) 4.84644(%1)
1.0 5.61898(%1) 1.07541 1.96986 3.78756 4.57128 4.91070
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