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The analytical discrete-ordinates method is used to solve the problem of heat transfer for a single-species
gas confined by two plane-parallel surfaces. The formulation of the problem is based on the linearized
Boltzmann equation for rigid-sphere interactions between gas particles and the Cercignani–Lampis ker-
nel for gas–surface interactions. Accurate numerical results are reported for the density, temperature, and
heat-flow perturbations from a reference (equilibrium) state and are compared with similar results from
five kinetic models. An interesting finding of this work is that there are combinations of the four numer-
ical values of the accommodation coefficients used to define the Cercignani–Lampis boundary conditions
that give rise to heat flows that are larger for the transition regime than for the free-molecular regime, an
effect not observed when the standard (Maxwell) boundary conditions are used.
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1. Introduction

Heat transfer in a gas confined by two plane-parallel surfaces is a
classical problem in the field of rarefied gas dynamics (Cercignani,
1969; Williams, 1971a, 2001) which has been the subject of many
investigations, most of them based on kinetic models [see, for
example, Thomas et al. (1973) and the references quoted therein].
It was not until more recent years that a few works reporting
approaches based on the linearized Boltzmann equation (LBE) for
a single-species gas (Ohwada et al., 1989; Siewert, 2003a) or a bina-
ry mixture (Garcia and Siewert, 2007a) and even on the full (nonlin-
ear) Boltzmann equation for a single-species gas (Ohwada, 1996) or
a binary mixture (Kosuge et al., 2001) appeared in the literature.
Nevertheless, since all of the existing works on this topic have been
formulated in terms of Maxwell (specular-diffuse) boundary condi-
tions, we thought that a study of the problem introducing an
improved description of gas–surface interactions based on the Cer-
cignani–Lampis (CL) scattering kernel (Cercignani and Lampis,
1971) would be of interest.

The functional form of the CL kernel (Cercignani and Lampis,
1971) is the result of what can be considered an inspired mathe-
matical insight, and is corroborated by alternative derivations that
add physical insight to the original idea. We can mention, for
example, the work by Kuščer et al. (1971), which is based on a pro-
cedure that involves the solution of a Fokker–Plank equation for
the motion of Brownian particles and relaxing to some extent
Knudsen’s assumption that the scattering of a Maxwellian distribu-
tion results also in a Maxwellian, and the work by Williams
(1971b), which relies on an analogy between gas–surface interac-
tions and electromagnetic-wave scattering from a rough surface.
There is also a work by Cowling (1974) that provides an indepen-
dent derivation of the CL kernel based on a minimum number of
assumptions.

Basically, the CL kernel depends on two parameters, the surface
accommodation coefficient for tangential momentum and the sur-
face accommodation coefficient for the kinetic energy related to
the normal component of the velocity. The CL kernel thus opens
up the possibility of an improved description of gas–surface inter-
actions when compared with the Maxwell kernel, which depends
on one parameter only. Indeed, two recent works (Sazhin and
Kulev, 2007; Pantazis et al., 2011) have reported studies where cal-
culations based on the CL kernel agree better with experimental
results than calculations based on the Maxwell kernel.

In this work, we use a modern version of the discrete-ordinates
method known as the analytical discrete-ordinates (ADO) method
(Barichello and Siewert, 1999) to solve the problem of heat transfer
for a single-species gas described by the LBE for rigid-sphere inter-
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actions and CL boundary conditions. Accurate numerical results are
reported for the main quantities of interest: density, temperature,
and heat-flow perturbations. In addition, as our formulation is suf-
ficiently general to allow us to include several kinetic models in
our study by just a proper choice of input parameters, we report
in this work a comparison between LBE results and the results of
five different kinetic models.

2. Formulation of the problem

We consider a gas of rigid spheres confined by two parallel
plates which are kept at different temperatures. Provided the dif-
ference between the plate temperatures is small, the velocity dis-
tribution function f ðz;vÞ, where z is the spatial coordinate
measured in a direction perpendicular to the bounding surfaces
and v is the velocity of a gas particle, can be linearized about an
absolute Maxwellian distribution as

f ðz;vÞ ¼ f 0ðvÞ½1þ hðz; cÞ�; ð1Þ

where v is the magnitude of the velocity vector v ,

f 0ðvÞ ¼ nðk=pÞ3=2e�kv2
; k ¼ m=ð2kT0Þ; ð2Þ

is the Maxwellian distribution for n particles of mass m (per unit
volume) in equilibrium at temperature T0; c ¼ k1=2v is a dimen-
sionless velocity variable, and k is the Boltzmann constant.

The perturbation hðz; cÞ in Eq. (1) can then be described by the
linearized Boltzmann equation (LBE) for rigid-sphere interactions
(Garcia and Siewert, 2009, 2010),

cl @

@z
hðz; cÞ þ e0mðcÞhðz; cÞ ¼ e0

Z
e�c02Pðc0 : cÞhðz; c0Þd3c0; ð3Þ

where

mðcÞ ¼ 2c2 þ 1
c

Z c

0
e�x2

dxþ e�c2
; ð4Þ

with c denoting the magnitude of c, is the collision frequency,

Pðc0 : cÞ ¼ 1
p

2
jc0 � cj exp

jc0 � cj2

jc0 � cj2

( )
� jc0 � cj

 !
ð5Þ

is the rigid-sphere scattering kernel (Pekeris, 1955), and

e0 ¼ np1=2d2
; ð6Þ

with d denoting the diameter of the particles. We note that spheri-
cal coordinates fc; h;/g, with l ¼ cos h, are used to describe the
dimensionless velocity vector c, so that

hðz; cÞ () hðz; c;l;/Þ:

To derive the boundary conditions that go with Eq. (3), we first take
the reference temperature T0 in Eq. (2) to be the average between
the wall temperatures, so that we can write the temperature of
the wall located at z ¼ �z0 (assumed to be at a higher temperature
than the other wall) as

Tw1 ¼ T0ð1þ dÞ ð7Þ

and the temperature of the wall at z ¼ z0 as

Tw2 ¼ T0ð1� dÞ; ð8Þ

where d ¼ 2ðTw1 � Tw2Þ=ðTw1 þ Tw2Þ. Next, using the CL kernel
(Cercignani and Lampis, 1971) to describe the interaction of the
gas with the walls, we follow Cercignani (1975) and find that we
can write the CL boundary conditions for the problem as

hð�z0; c;l;/Þ � J 1fhgð�z0; c;l;/Þ ¼ �½an;1f ðc;lÞ þ ba1gðc;lÞ�d
ð9aÞ
and

hðz0; c;�l;/Þ � J 2fhgðz0; c;�l;/Þ ¼ ½an;2f ðc;lÞ þ ba2gðc;lÞ�d;
ð9bÞ

for c 2 ½0;1Þ; l 2 ð0; 1�, and / 2 ½0;2p�. Here,

f ðc;lÞ ¼ 1� c2l2; ð10aÞ

gðc;lÞ ¼ 1� c2ð1� l2Þ; ð10bÞ

J 1fhgð�z0; c;l;/Þ ¼
Z 1

0

Z 1

0

Z 2p

0
hð�z0; c0;�l0;/0Þ

� R1ðc0;�l0;/0 : c;l;/Þc02d/0dl0dc0; ð11aÞ

J 2fhgðz0; c;�l;/Þ ¼
Z 1

0

Z 1

0

Z 2p

0
hðz0; c0;l0;/0Þ

� R2ðc0;l0;/0 : c;�l;/Þc02d/0dl0dc0; ð11bÞ

and the CL kernel is given by (Siewert, 2003b)

Rðc0;�l0;/0 : c;�l;/Þ¼ 2c0l0baanp
Sðc0;�l0 : c;�lÞTðc0;�l0;/0 : c;�l;/Þ;

ð12Þ

where

ba ¼ atð2� atÞ; ð13Þ

Sðc0;�l0 : c;�lÞ ¼ expf�½ðc0l0Þ2 þ ð1� anÞðclÞ2�=ang
� I0½2ð1� anÞ1=2c0l0cl=an�; ð14aÞ

and

Tðc0;�l0;/0 : c;�l;/Þ¼ Eðc0;l0 : c;lÞ expf�2c0rðl0ÞcrðlÞ
� ½j1�atj�ð1�atÞcosð/0 �/Þ�=bag; ð14bÞ

with

Eðc0;l0 : c;lÞ ¼ expf�½j1� at jcrðlÞ � c0rðl0Þ�2=bag: ð15Þ

In these expressions, InðxÞ denotes the nth-order modified Bessel

function of the first kind and rðxÞ ¼ ð1� x2Þ1=2. In addition,
at 2 ½0;2� denotes the accommodation coefficient of tangential
momentum and an 2 ½0; 1� that of the kinetic energy due to the nor-
mal component of the velocity. The subscript 1 attached to the CL
kernel that appears in Eq. (11a) has the meaning that accommoda-
tion coefficients fat;1;an;1g should be used in Eqs. (12)–(15) when
defining the boundary condition at z ¼ �z0. Similarly, the subscript
2 attached to the CL kernel in Eq. (11b) means that fat;2;an;2g should
be used in Eqs. (12)–(15) when defining the boundary condition at
z ¼ z0.

Our aim in this work is to compute, for z 2 ½�z0; z0�, the density,
temperature, and heat-flow perturbations, defined, respectively, as

NðzÞ ¼ 1
p3=2

Z
e�c2

hðz; cÞd3c; ð16aÞ

TðzÞ ¼ 2
3p3=2

Z
e�c2

hðz; cÞðc2 � 3=2Þd3c; ð16bÞ

and

QðzÞ ¼ 1
p3=2

Z
e�c2

hðz; cÞðc2 � 5=2Þcld3c: ð16cÞ

As before (Siewert, 2003a; Garcia and Siewert, 2007a), we have
found that only the first (azimuthally symmetric) component in a
Fourier series expansion of hðz; cÞ in terms of the azimuthal angle
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/ is relevant to this problem, and so, introducing the dimensionless
spatial variable

s ¼ ze0; ð17Þ

where e0 is given by Eq. (6), and using

wðs; c;lÞ ¼ hðs=e0; cÞ; ð18Þ

we find that Eq. (16) reduce to

NðsÞ ¼ 2
p1=2

Z 1

0

Z 1

�1
e�c2

wðs; c;lÞc2dldc; ð19aÞ

TðsÞ ¼ 4
3p1=2

Z 1

0

Z 1

�1
e�c2

wðs; c;lÞðc2 � 3=2Þc2dldc; ð19bÞ

and

Q ¼ 2
p1=2

Z 1

0

Z 1

�1
e�c2

wðs; c;lÞðc2 � 5=2Þc3ldldc: ð19cÞ

It should be noted that, in order to avoid excessive notation, we
have adopted here the frequently used (but dubious) procedure of
not always introducing new labels for the dependent variables (in
this case N; T , and Q) when an independent variable is changed. In
addition, we note that we have omitted the s-dependence on the
left side of Eq. (19c), since, as in the case based on Maxwell bound-
ary conditions (Siewert, 2003a), it can be shown that QðsÞ is a con-
stant in this work.

We can now use Eq. (18) in Eqs. (3) and (9) to find that wðs; c;lÞ
is to be determined from the balance equation

cl @

@s
wðs; c;lÞ þ mðcÞwðs; c;lÞ ¼

Z 1

0

Z 1

�1
e�c02P0ðc0;l0 : c;lÞ

� wðs; c0;l0Þc02dl0dc0; ð20Þ

for s 2 ð�a; aÞ; c 2 ½0;1Þ, and l 2 ½�1;1�, and the boundary
conditions

wð�a; c;lÞ �
Z 1

0

Z 1

0
wð�a; c0;�l0ÞR0; 1ðc0;�l0 : c;lÞc02dl0dc0

¼ �½an;1f ðc;lÞ þ ba1gðc;lÞ�d ð21aÞ

and

wða; c;�lÞ �
Z 1

0

Z 1

0
wða; c0;l0ÞR0;2ðc0;l0 : c;�lÞc02dl0dc0

¼ ½an;2f ðc;lÞ þ ba2gðc;lÞ�d; ð21bÞ

for c 2 ½0;1Þ and l 2 ð0; 1�. In these expressions, a ¼ z0e0. The scat-
tering kernel

P0ðc0;l0 : c;lÞ ¼
Z 2p

0
Pðc0 : cÞd/ ð22Þ

that appears in Eq. (20) can be expressed as

P0ðc0;l0 : c;lÞ ¼ ð1=2Þ
X1
n¼0

ð2nþ 1ÞPnðl0ÞPnðlÞPðnÞðc0; cÞ; ð23Þ

where PnðxÞ denotes a Legendre polynomial and fPðnÞðc0; cÞg are
expansion coefficients (Garcia and Siewert, 2007b). In addition,
the reflection functions R0; 1ðc0;�l0 : c;lÞ and R0;2ðc0;l0 : c;�lÞ that
appear in Eq. (21) are expressed by using, respectively, the pair
fba1;an;1g and the pair fba2;an;2g either in the general definition of
R0ðc0;�l0 : c;�lÞ listed next or in one of the special forms listed
after it. The general definition of the reflection function is

R0ðc0;�l0 : c;�lÞ ¼ 4c0l0baan
Sðc0;�l0 : c;�lÞU0ðc0;�l0 : c;�lÞ; ð24Þ

where Sðc0;�l0 : c;�lÞ is given by Eq. (14a) and
U0ðc0;�l0 : c;�lÞ ¼ expf�½c02r2ðl0Þ þ ð1� baÞc2r2ðlÞ�=bag
� I0½2ð1� baÞ1=2

c0rðl0ÞcrðlÞ=ba�: ð25Þ

Equation (24) is valid for all choices of ba and an, except the follow-
ing special cases (Siewert, 2003b):

lim
â!0

R0ðc0;�l0 :c;�lÞ¼ 2l0

anrðl0ÞSðc
0;�l0 :c;�lÞd½c0rðl0Þ�crðlÞ�; ð26aÞ

lim
an!0

R0ðc0;�l0 : c;�lÞ ¼ 2ba U0ðc0;�l0 : c;�lÞdðc0l0 � clÞ; ð26bÞ

and

lim
â!0

lim
an!0

R0ðc0;�l0 : c;�lÞ ¼ 1
c2 dðc0 � cÞdðl0 � lÞ; ð26cÞ

where dðxÞ denotes the Dirac delta distribution.
At this point, we believe it instructive to look briefly at how the

CL boundary conditions derived in this work compare with the
usual Maxwell boundary conditions for the considered heat-trans-
fer problem. In the approach based on the Maxwell (specular/dif-
fuse) boundary conditions (Siewert, 2003a), we have, instead of
Eq. (21),

wð�a;c;lÞ�ð1�a1Þwð�a;c;�lÞ

�4a1

Z 1

0

Z 1

0
e�c02 wð�a;c0;�l0Þc03l0dl0dc0 ¼a1ðc2�2Þd ð27aÞ

and

wða;c;�lÞ�ð1�a2Þwða;c;lÞ�4a2

Z 1

0

Z 1

0
e�c02 wða;c0;l0Þc03l0dl0dc0

¼�a2ðc2�2Þd; ð27bÞ

for c 2 ½0;1Þ and l 2 ð0; 1�. Here, a1 and a2 are the accommodation
coefficients at the boundaries s ¼ �a and s ¼ a, respectively. Since

lim
â!1

lim
an!1

R0ðc0;�l0 : c;�lÞ ¼ 4c0l0e�c02 ; ð28Þ

it is easy to see that the CL boundary condition with ba ¼ 1 and
an ¼ 1 reduces to the Maxwell boundary condition with a ¼ 1.

To close this section, we note that at least one of the accommo-
dation coefficients fba1; ba2;an;1;an;2gmust be non-zero when defin-
ing the problem with CL boundary conditions, otherwise there is
no driving term for the problem. Similarly, in the case of Maxwell
boundary conditions, at least one of the accommodation coeffi-
cients fa1;a2g must be non-zero.

3. The ADO solution

Following Siewert (2003a), we can express the general solution
of a discrete-ordinates version of Eq. (20) defined at the ordinates
�li; i ¼ 1;2; . . . ;N, where flig denote the nodes of the Gauss–Le-
gendre quadrature of order N shifted to the interval ½0; 1�, as

wðs; c;�liÞ ¼ w�ðs; c;�liÞ þ PðcÞ
XJ

j¼3

AjUðmj;�liÞe�ðaþsÞ=mj
�

þBjUðmj;�liÞe�ða�sÞ=mj
�
; ð29Þ

for s 2 ½�a; a� and c 2 ½0;1Þ. Here,

w�ðs; c;lÞ ¼ A1clþ A2ðc2 � 5=2Þ þ B1 þ B2½sðc2 � 5=2Þ
� lAðcÞ�; ð30Þ

where AðcÞ is the Chapman–Enskog function associated with ther-
mal conductivity (Loyalka and Hickey, 1989; Siewert, 2002),

PðcÞ ¼ P0ð2e�c � 1Þ P1ð2e�c � 1Þ � � � PKð2e�c � 1Þ½ �; ð31Þ



Table 1
Defining data for various cases.

Case at;1 an;1 at;2 an;2 d

1 0.25 0.50 0.75 0.25 1.0
2 0.50 0.75 0.25 0.25 1.0
3 1.00 0.00 1.00 0.25 1.0
4 0.00 1.00 0.25 1.00 1.0
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is a row-vector of dimension K þ 1 with components that are the
basis functions used to approximate the speed dependence of the
solution, and, as discussed in detail by Siewert (2003c), the elemen-
tary solutions fUðmj;�liÞg and the separation constants fmjg come
from the solution of an eigensystem of order J ¼ NðK þ 1Þ. We note
that the summation in Eq. (29) starts at j ¼ 3 because the solutions
that correspond to separation constants that approach unbounded
values as the quadrature order N is increased (m1 and m2) have been
replaced by the exact solutions of Eq. (30). Once the boundary con-
ditions are used to determine the coefficients Aj and
Bj; j ¼ 1;2; . . . ; J, the solution of the problem becomes completely
known.

As in other works (Siewert, 2003a,c), a projection scheme, based
on multiplying the boundary conditions evaluated at
li; i ¼ 1;2; . . . ;N, by

e�c2
PTðcÞc2;

where T denotes the transpose operation, and integrating the
resulting equations over all c, is used to generate a system of 2J lin-
ear algebraic equations for the unknown coefficients fAjg and fBjg.
However, this problem has a particularity: a constant is a solution of
Eq. (20) and satisfies homogeneous versions of Eq. (21). It turns out
that the coefficient B1 does not appear in the linear system that is
obtained from the projection of the boundary conditions, and so
an additional condition is needed to determine this coefficient.
Our procedure is to solve the linear system for the other 2J � 1 coef-
ficients (either by least squares or by combining two equations into
one to obtain a square system) and then to determine B1 from the
particle conservation condition (Siewert, 1999)Z a

�a
NðsÞds ¼ 0: ð32Þ

Using Eqs. (19a), (29), and (30), we find from Eq. (32) that

B1 ¼ A2 �
1

2a

XJ

j¼3

mjðAj þ BjÞð1� e�2a=mj ÞNj; ð33Þ

where

Nj ¼ 2p�1=2P0NðmjÞ: ð34Þ

In this equation, we define

NðmjÞ ¼
XN

i¼1

wi½Uðmj;liÞ þUðmj;�liÞ� ð35Þ

with fwig denoting the weights of the Gauss–Legendre quadrature
of order N shifted to ½0; 1�, and, in general,

Pn ¼
Z 1

0
e�c2

PðcÞcnþ2dc: ð36Þ

Finally, upon substitution of Eq. (29) into Eq. (16), we find our final
expressions for the desired density, temperature, and heat-flow
perturbations. For the density and temperature perturbations,
NðsÞ and TðsÞ, we obtain (Siewert, 2003a)

NðsÞ ¼ �A2 � B2sþ B1 þ
XJ

j¼3

Aje�ðaþsÞ=mj þ Bje�ða�sÞ=mj
� �

Nj ð37aÞ

and

TðsÞ ¼ A2 þ B2sþ
XJ

j¼3

Aje�ðaþsÞ=mj þ Bje�ða�sÞ=mj
� �

Tj; ð37bÞ

where Nj is given by Eq. (34) and Tj is given by

Tj ¼ ð4=3Þp�1=2½P2 � ð3=2ÞP0�NðmjÞ: ð38Þ
For the heat-flow perturbation Q, after neglecting the ADO contribu-
tion (since Q is a constant, as mentioned in Section 2), we find
(Siewert, 2003a)

Q ¼ �ð5=4ÞetB2; ð39Þ

where

et ¼
16

15p1=2

Z 1

0
e�c2

AðcÞc5dc: ð40Þ
4. Numerical results

We report in this section numerical results for some selected
cases, which are defined in Table 1. We note that we have consid-
ered only at 2 ½0; 1� when defining these cases, since the kernel
R0ðc0;�l0 : c;�lÞ can be seen to be symmetrical about at ¼ 1:0,
and so numerical results for at 2 ½1;2� can be obtained from the
numerical results for at 2 ½0; 1� simply by changing at to 2� at .
In addition, we note that two of the considered cases (Cases 3
and 4) make use of the special forms of the CL kernel defined by
Eqs. (26a) and (26b), so that our solution could also be tested in
these limiting (and usually more difficult) situations. The reported
numerical results are thought to be correct to within �1 in the last
reported digit, except when an entry is much smaller than its
neighbor entries, in which case the error may be larger.

In Tables 2–5, we report our converged numerical results for the
temperature and density profiles for several values of a, the dimen-
sionless half-distance between plates. Since a is inversely propor-
tional to the Knudsen number, it can be readily seen that the
values of a used in these tables are representative of the free mole-
cular flow, transition flow, and slip flow regimes. The converged
results were obtained by varying the values of the approximating
parameters K and L in our ADO solution as follows: 20 6 K 6 35
and 60 6 N 6 220. The expansion of the rigid-sphere kernel
expressed by Eq. (23) was truncated at a finite L, and L was varied
between 50 and 155 to analyze the effect of the choice of this para-
meter on the convergence of our results. The expansion coefficients
PðnÞðc0; cÞ in Eq. (23) were computed as described in Appendix A of
Garcia and Siewert (2007b). Integrals over the speed were evaluat-
ed by using the transformation u ¼ expð�cÞ to map the interval
½0;1Þ onto ½0; 1� and then applying a shifted Gauss–Legendre
quadrature of order M, with M being varied between 100 and
400 to analyze its effect on convergence. The Chapman–Enskog
function AðcÞ was evaluated as described by Siewert (2002), with
Ks, the number of splines used in the approximation, being varied
between 322 and 1282.

While the high-quality results reported in Tables 2–5
required several hours of CPU time to be generated on a single
core of an Intel Core i7–920 processor running at 2.67 GHz,
results accurate enough for practical applications can be
obtained in much less time. For example, without any special
effort to speed up the developed program, we were able to
obtain numerical results with at least three significant figures
of accuracy for Tables 2–5 in about 40 min of CPU time on the
mentioned Intel processor.



Table 2
Temperature and density profiles (case 1) based on the LBE: s ¼ �aþ 2ag.

g a ¼ 0:005 a ¼ 0:05 a ¼ 0:5 a ¼ 5:0

TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ

0.0 �1.8875(�1) �7.0931(�3) �1.0022(�1) �4.2851(�2) 1.9353(�1) �2.2431(�1) 6.9417(�1) �7.0893(�1)
0.1 �1.9272(�1) �4.6986(�3) �1.2061(�1) �2.6742(�2) 1.1310(�1) �1.5461(�1) 5.2085(�1) �5.4404(�1)
0.2 �1.9624(�1) �3.0153(�3) �1.3702(�1) �1.6280(�2) 5.7045(�2) �1.0628(�1) 3.8232(�1) �4.0600(�1)
0.3 �1.9964(�1) �1.6122(�3) �1.5255(�1) �7.9019(�3) 5.8089(�3) �6.3466(�2) 2.4615(�1) �2.6989(�1)
0.4 �2.0302(�1) �4.0167(�4) �1.6787(�1) �9.2812(�4) �4.3985(�2) �2.3858(�2) 1.1044(�1) �1.3419(�1)
0.5 �2.0642(�1) 6.5443(�4) �1.8336(�1) 4.9202(�3) �9.4088(�2) 1.3295(�2) �2.5166(�2) 1.4196(�3)
0.6 �2.0988(�1) 1.5745(�3) �1.9934(�1) 9.7629(�3) �1.4595(�1) 4.8107(�2) �1.6079(�1) 1.3703(�1)
0.7 �2.1344(�1) 2.3649(�3) �2.1618(�1) 1.3621(�2) �2.0129(�1) 8.0223(�2) �2.9659(�1) 2.7275(�1)
0.8 �2.1719(�1) 3.0202(�3) �2.3443(�1) 1.6412(�2) �2.6283(�1) 1.0867(�1) �4.3326(�1) 4.0876(�1)
0.9 �2.2124(�1) 3.5138(�3) �2.5520(�1) 1.7859(�2) �3.3655(�1) 1.3110(�1) �5.7514(�1) 5.4481(�1)
1.0 �2.2622(�1) 3.6882(�3) �2.8387(�1) 1.6498(�2) �4.5622(�1) 1.3723(�1) �7.9117(�1) 6.5477(�1)

Table 3
Temperature and density profiles (case 2) based on the LBE: s ¼ �aþ 2ag.

g a ¼ 0:005 a ¼ 0:05 a ¼ 0:5 a ¼ 5:0

TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ

0.0 4.6337(�1) �7.6105(�3) 5.1561(�1) �4.0723(�2) 6.4664(�1) �2.0516(�1) 8.5907(�1) �6.7816(�1)
0.1 4.5942(�1) �5.5959(�3) 4.9589(�1) �2.8654(�2) 5.7461(�1) �1.4878(�1) 6.9387(�1) �5.2658(�1)
0.2 4.5604(�1) �3.9882(�3) 4.8050(�1) �1.9881(�2) 5.2424(�1) �1.0705(�1) 5.6019(�1) �3.9367(�1)
0.3 4.5282(�1) �2.5220(�3) 4.6624(�1) �1.2178(�2) 4.7837(�1) �6.8583(�2) 4.2857(�1) �2.6215(�1)
0.4 4.4967(�1) �1.1406(�3) 4.5243(�1) �5.1079(�3) 4.3408(�1) �3.1738(�2) 2.9735(�1) �1.3093(�1)
0.5 4.4654(�1) 1.8408(�4) 4.3870(�1) 1.5298(�3) 3.8988(�1) 4.1160(�3) 1.6620(�1) 2.1310(�4)
0.6 4.4339(�1) 1.4705(�3) 4.2475(�1) 7.8556(�3) 3.4460(�1) 3.9269(�2) 3.5035(�2) 1.3137(�1)
0.7 4.4019(�1) 2.7337(�3) 4.1027(�1) 1.3959(�2) 2.9686(�1) 7.3853(�2) �9.6284(�2) 2.6264(�1)
0.8 4.3686(�1) 3.9896(�3) 3.9481(�1) 1.9926(�2) 2.4448(�1) 1.0792(�1) �2.2833(�1) 3.9433(�1)
0.9 4.3331(�1) 5.2627(�3) 3.7748(�1) 2.5893(�2) 1.8263(�1) 1.4154(�1) �3.6450(�1) 5.2727(�1)
1.0 4.2906(�1) 6.6527(�3) 3.5401(�1) 3.2500(�2) 8.3091(�2) 1.7715(�1) �5.6097(�1) 6.6251(�1)

Table 4
Temperature and density profiles (case 3) based on the LBE: s ¼ �aþ 2ag.

g a ¼ 0:005 a ¼ 0:05 a ¼ 0:5 a ¼ 5:0

TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ

0.0 �2.7138(�1) 9.0504(�3) �4.5321(�2) 3.4894(�2) 3.1319(�1) �4.1635(�2) 7.3134(�1) �6.0713(�1)
0.1 �2.8138(�1) 6.5181(�3) �9.4164(�2) 2.2310(�2) 1.5815(�1) �6.8518(�2) 4.8109(�1) �5.3172(�1)
0.2 �2.8964(�1) 4.4890(�3) �1.2998(�1) 1.3915(�2) 6.6520(�2) �6.5096(�2) 3.3921(�1) �3.9971(�1)
0.3 �2.9732(�1) 2.6790(�3) �1.6179(�1) 7.2525(�3) �8.2440(�3) �5.0865(�2) 2.0492(�1) �2.6654(�1)
0.4 �3.0470(�1) 1.0251(�3) �1.9148(�1) 1.7334(�3) �7.4705(�2) �3.0852(�2) 7.1861(�2) �1.3362(�1)
0.5 �3.1191(�1) �5.0326(�4) �2.1999(�1) �2.9510(�3) �1.3695(�1) �7.6602(�3) �6.0963(�2) �8.1852(�4)
0.6 �3.1904(�1) �1.9236(�3) �2.4800(�1) �7.0039(�3) �1.9771(�1) 1.6963(�2) �1.9377(�1) 1.3198(�1)
0.7 �3.2619(�1) �3.2458(�3) �2.7613(�1) �1.0583(�2) �2.5947(�1) 4.1523(�2) �3.2675(�1) 2.6487(�1)
0.8 �3.3347(�1) �4.4739(�3) �3.0513(�1) �1.3834(�2) �3.2541(�1) 6.4301(�2) �4.6059(�1) 3.9804(�1)
0.9 �3.4107(�1) �5.6024(�3) �3.3642(�1) �1.6934(�2) �4.0166(�1) 8.2449(�2) �5.9957(�1) 5.3114(�1)
1.0 �3.4985(�1) �6.5745(�3) �3.7648(�1) �2.0385(�2) �5.2114(�1) 8.5112(�2) �8.1162(�1) 6.3675(�1)

Table 5
Temperature and density profiles (case 4) based on the LBE: s ¼ �aþ 2ag.

g a ¼ 0:005 a ¼ 0:05 a ¼ 0:5 a ¼ 5:0

TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ TðsÞ NðsÞ

0.0 �6.3079(�1) �4.7272(�2) �4.5810(�1) �2.0936(�1) �5.7684(�2) �5.5322(�1) 6.4729(�1) �8.6714(�1)
0.1 �6.3231(�1) �3.5164(�2) �4.6375(�1) �1.4641(�1) �7.7477(�2) �3.3999(�1) 5.2777(�1) �5.9696(�1)
0.2 �6.3375(�1) �2.5331(�2) �4.6942(�1) �1.0180(�1) �1.0739(�1) �2.2416(�1) 3.8158(�1) �4.4340(�1)
0.3 �6.3520(�1) �1.6266(�2) �4.7542(�1) �6.3063(�2) �1.4218(�1) �1.3353(�1) 2.3364(�1) �2.9465(�1)
0.4 �6.3667(�1) �7.6376(�3) �4.8184(�1) �2.7621(�2) �1.8015(�1) �5.5179(�2) 8.5578(�2) �1.4648(�1)
0.5 �6.3820(�1) 7.2321(�4) �4.8872(�1) 5.7920(�3) �2.2046(�1) 1.6706(�2) �6.2486(�2) 1.5980(�3)
0.6 �6.3980(�1) 8.9337(�3) �4.9617(�1) 3.8024(�2) �2.6266(�1) 8.5709(�2) �2.1056(�1) 1.4968(�1)
0.7 �6.4149(�1) 1.7098(�2) �5.0431(�1) 6.9804(�2) �3.0661(�1) 1.5480(�1) �3.5869(�1) 2.9784(�1)
0.8 �6.4331(�1) 2.5337(�2) �5.1340(�1) 1.0197(�1) �3.5263(�1) 2.2753(�1) �5.0703(�1) 4.4643(�1)
0.9 �6.4534(�1) 3.3854(�2) �5.2403(�1) 1.3596(�1) �4.0209(�1) 3.1060(�1) �6.5606(�1) 5.9773(�1)
1.0 �6.4796(�1) 4.3509(�2) �5.3918(�1) 1.7824(�1) �4.6709(�1) 4.4056(�1) �8.1617(�1) 8.0584(�1)
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Table 6
Temperature profiles Tð�aþ 2agÞ for case 1 with a ¼ 0:01.

g BGK S GJ MRS CES LBE

0.0 �1.9241(�1) �1.9353(�1) �1.9472(�1) �1.8915(�1) �1.7064(�1) �1.7376(�1)
0.1 �1.9580(�1) �1.9674(�1) �1.9791(�1) �1.9247(�1) �1.7760(�1) �1.8039(�1)
0.2 �1.9887(�1) �1.9962(�1) �2.0072(�1) �1.9565(�1) �1.8367(�1) �1.8613(�1)
0.3 �2.0186(�1) �2.0243(�1) �2.0344(�1) �1.9882(�1) �1.8953(�1) �1.9165(�1)
0.4 �2.0484(�1) �2.0522(�1) �2.0611(�1) �2.0203(�1) �1.9534(�1) �1.9713(�1)
0.5 �2.0782(�1) �2.0802(�1) �2.0879(�1) �2.0531(�1) �2.0120(�1) �2.0265(�1)
0.6 �2.1086(�1) �2.1087(�1) �2.1150(�1) �2.0869(�1) �2.0719(�1) �2.0828(�1)
0.7 �2.1397(�1) �2.1379(�1) �2.1427(�1) �2.1219(�1) �2.1340(�1) �2.1413(�1)
0.8 �2.1721(�1) �2.1685(�1) �2.1715(�1) �2.1588(�1) �2.1997(�1) �2.2032(�1)
0.9 �2.2067(�1) �2.2012(�1) �2.2023(�1) �2.1988(�1) �2.2717(�1) �2.2711(�1)
1.0 �2.2479(�1) �2.2406(�1) �2.2391(�1) �2.2472(�1) �2.3624(�1) �2.3569(�1)

Table 7
Density profiles Nð�aþ 2agÞ for case 1 with a ¼ 0:01.

g BGK S GJ MRS CES LBE

0.0 �1.0245(�2) �9.3118(�3) �8.0905(�3) �1.3747(�2) �1.2787(�2) �1.2343(�2)
0.1 �7.1535(�3) �6.4059(�3) �5.6705(�3) �9.1227(�3) �8.3784(�3) �7.9855(�3)
0.2 �4.8391(�3) �4.2779(�3) �3.8665(�3) �5.8350(�3) �5.3325(�3) �5.0090(�3)
0.3 �2.8247(�3) �2.4502(�3) �2.2936(�3) �3.0857(�3) �2.8171(�3) �2.5716(�3)
0.4 �1.0120(�3) �8.2435(�4) �8.7128(�4) �7.1386(�4) �6.6292(�4) �5.0411(�4)
0.5 6.4347(�4) 6.4408(�4) 4.3824(�4) 1.3484(�3) 1.2044(�3) 1.2664(�3)
0.6 2.1651(�3) 1.9785(�3) 1.6566(�3) 3.1307(�3) 2.8217(�3) 2.7743(�3)
0.7 3.5645(�3) 3.1907(�3) 2.7973(�3) 4.6379(�3) 4.2035(�3) 4.0303(�3)
0.8 4.8435(�3) 4.2823(�3) 3.8692(�3) 5.8472(�3) 5.3434(�3) 5.0220(�3)
0.9 5.9884(�3) 5.2397(�3) 4.8769(�3) 6.6817(�3) 6.1985(�3) 5.6937(�3)
1.0 6.9006(�3) 5.9642(�3) 5.8144(�3) 6.7193(�3) 6.5050(�3) 5.7262(�3)

Table 8
Temperature profiles Tð�aþ 2agÞ for case 2 with a ¼ 0:1.

g BGK S GJ MRS CES LBE

0.0 5.1308(�1) 5.0873(�1) 5.0364(�1) 5.2468(�1) 5.5188(�1) 5.4608(�1)
0.1 4.9396(�1) 4.9123(�1) 4.8699(�1) 5.0368(�1) 5.1999(�1) 5.1596(�1)
0.2 4.7823(�1) 4.7714(�1) 4.7387(�1) 4.8584(�1) 4.9624(�1) 4.9328(�1)
0.3 4.6342(�1) 4.6399(�1) 4.6172(�1) 4.6883(�1) 4.7454(�1) 4.7243(�1)
0.4 4.4900(�1) 4.5122(�1) 4.4999(�1) 4.5213(�1) 4.5361(�1) 4.5227(�1)
0.5 4.3466(�1) 4.3854(�1) 4.3836(�1) 4.3547(�1) 4.3275(�1) 4.3218(�1)
0.6 4.2017(�1) 4.2570(�1) 4.2662(�1) 4.1859(�1) 4.1139(�1) 4.1168(�1)
0.7 4.0527(�1) 4.1246(�1) 4.1449(�1) 4.0126(�1) 3.8892(�1) 3.9023(�1)
0.8 3.8963(�1) 3.9847(�1) 4.0164(�1) 3.8311(�1) 3.6446(�1) 3.6705(�1)
0.9 3.7257(�1) 3.8303(�1) 3.8740(�1) 3.6341(�1) 3.3620(�1) 3.4056(�1)
1.0 3.5091(�1) 3.6297(�1) 3.6863(�1) 3.3883(�1) 2.9534(�1) 3.0277(�1)

Table 9
Density profiles Nð�aþ 2agÞ for case 2 with a ¼ 0:1.

g BGK S GJ MRS CES LBE

0.0 �5.7052(�2) �4.8636(�2) �4.1138(�2) �7.4084(�2) �6.7476(�2) �6.6730(�2)
0.1 �4.1375(�2) �3.4604(�2) �2.9001(�2) �5.4119(�2) �4.6711(�2) �4.6772(�2)
0.2 �2.9377(�2) �2.4284(�2) �2.0310(�2) �3.8448(�2) �3.2277(�2) �3.2485(�2)
0.3 �1.8559(�2) �1.5155(�2) �1.2703(�2) �2.4187(�2) �1.9790(�2) �1.9932(�2)
0.4 �8.4136(�3) �6.7036(�3) �5.6937(�3) �1.0762(�2) �8.4012(�3) �8.3828(�3)
0.5 1.3060(�3) 1.3176(�3) 9.5650(�4) 2.0917(�3) 2.2815(�3) 2.4842(�3)
0.6 1.0758(�2) 9.0693(�3) 7.4097(�3) 1.4527(�2) 1.2502(�2) 1.2854(�2)
0.7 2.0076(�2) 1.6685(�2) 1.3809(�2) 2.6649(�2) 2.2457(�2) 2.2854(�2)
0.8 2.9410(�2) 2.4317(�2) 2.0327(�2) 3.8550(�2) 3.2363(�2) 3.2606(�2)
0.9 3.9015(�2) 3.2223(�2) 2.7272(�2) 5.0348(�2) 4.2599(�2) 4.2301(�2)
1.0 5.0084(�2) 4.1605(�2) 3.6082(�2) 6.2578(�2) 5.5058(�2) 5.3001(�2)
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Since our general approach based on the LBE for rigid-sphere
interactions can be easily adapted to include various kinetic
models [see details in Garcia and Siewert (2006)], we report in
Tables 6–13 a comparison between temperature and density
profiles obtained from the LBE and five kinetic models: the
BGK (Bhatnagar et al., 1954), S (Shakhov, 1968), GJ (Gross and
Jackson, 1959), MRS (Garcia and Siewert, 2006), and CES
(Barichello and Siewert, 2003) models.
In Table 14, we report converged numerical results obtained
from the LBE and the considered kinetic models for the normalized
heat-flow perturbation
q ¼ Q=Q fm; ð41Þ

where Q is given by Eq. (39) and Q fm is the heat-flow perturbation
for free molecular flow. As shown in Appendix A, Q fm is given by



Table 10
Temperature profiles Tð�aþ 2agÞ for case 3 with a ¼ 1:0.

g BGK S GJ MRS CES LBE

0.0 3.5897(�1) 3.0354(�1) 2.4775(�1) 4.4730(�1) 4.1077(�1) 4.2458(�1)
0.1 2.1489(�1) 1.6430(�1) 1.1715(�1) 2.8939(�1) 1.9681(�1) 2.2315(�1)
0.2 1.1826(�1) 7.6611(�2) 3.6387(�2) 1.8147(�1) 8.9481(�2) 1.1381(�1)
0.3 3.4405(�2) 2.7957(�3) �3.0751(�2) 8.6033(�2) 7.0200(�3) 2.6469(�2)
0.4 �4.3170(�2) �6.4194(�2) �9.1060(�2) �3.5822(�3) �6.4752(�2) �5.0917(�2)
0.5 �1.1756(�1) �1.2772(�1) �1.4782(�1) �9.0383(�2) �1.3184(�1) �1.2370(�1)
0.6 �1.9084(�1) �1.9005(�1) �2.0326(�1) �1.7632(�1) �1.9777(�1) �1.9523(�1)
0.7 �2.6493(�1) �2.5326(�1) �2.5945(�1) �2.6316(�1) �2.6567(�1) �2.6849(�1)
0.8 �3.4231(�1) �3.2003(�1) �3.1904(�1) �3.5326(�1) �3.3995(�1) �3.4750(�1)
0.9 �4.2773(�1) �3.9554(�1) �3.8710(�1) �4.5140(�1) �4.3039(�1) �4.4058(�1)
1.0 �5.4595(�1) �5.0669(�1) �4.9003(�1) �5.8341(�1) �5.9424(�1) �5.9649(�1)

Table 11
Density profiles Nð�aþ 2agÞ for case 3 with a ¼ 1:0.

g BGK S GJ MRS CES LBE

0.0 �1.6948(�1) �9.7674(�2) �8.6629(�3) �3.2479(�1) �1.3420(�1) �1.6833(�1)
0.1 �1.5220(�1) �9.6192(�2) �2.4139(�2) �2.7482(�1) �1.6333(�1) �1.8676(�1)
0.2 �1.2187(�1) �8.0530(�2) �2.7182(�2) �2.1057(�1) �1.4109(�1) �1.5609(�1)
0.3 �8.5731(�2) �5.8560(�2) �2.3923(�2) �1.4226(�1) �1.0283(�1) �1.1134(�1)
0.4 �4.6311(�2) �3.3023(�2) �1.6769(�2) �7.2289(�2) �5.7212(�2) �6.0395(�2)
0.5 �4.9880(�3) �5.4192(�3) �7.1529(�3) �1.5772(�3) �8.1546(�3) �6.6283(�3)
0.6 3.7302(�2) 2.3235(�2) 3.9024(�3) 6.9388(�2) 4.2051(�2) 4.8066(�2)
0.7 7.9771(�2) 5.2084(�2) 1.5550(�2) 1.4020(�1) 9.1570(�2) 1.0217(�1)
0.8 1.2156(�1) 8.0190(�2) 2.6967(�2) 2.1024(�1) 1.3815(�1) 1.5368(�1)
0.9 1.6136(�1) 1.0614(�1) 3.7213(�2) 2.7781(�1) 1.7766(�1) 1.9844(�1)
1.0 1.9585(�1) 1.2633(�1) 4.5837(�2) 3.3305(�1) 1.9575(�1) 2.1776(�1)

Table 12
Temperature profiles Tð�aþ 2agÞ for case 4 with a ¼ 10:0.

g BGK S GJ MRS CES LBE

0.0 7.3797(�1) 6.4347(�1) 5.0219(�1) 8.3236(�1) 7.9063(�1) 7.9732(�1)
0.1 5.8790(�1) 5.1141(�1) 4.0103(�1) 6.6079(�1) 6.4134(�1) 6.4463(�1)
0.2 4.3091(�1) 3.6994(�1) 2.8300(�1) 4.8869(�1) 4.7168(�1) 4.7454(�1)
0.3 2.7242(�1) 2.2641(�1) 1.5992(�1) 3.1668(�1) 3.0188(�1) 3.0439(�1)
0.4 1.1354(�1) 8.2355(�2) 3.5376(�2) 1.4469(�1) 1.3207(�1) 1.3424(�1)
0.5 �4.5469(�2) �6.1867(�2) �8.9642(�2) �2.7305(�2) �3.7733(�2) �3.5904(�2)
0.6 �2.0455(�1) �2.0619(�1) �2.1486(�1) �1.9933(�1) �2.0754(�1) �2.0605(�1)
0.7 �3.6373(�1) �3.5065(�1) �3.4023(�1) �3.7143(�1) �3.7735(�1) �3.7619(�1)
0.8 �5.2318(�1) �4.9548(�1) �4.6590(�1) �5.4381(�1) �5.4715(�1) �5.4636(�1)
0.9 �6.8360(�1) �6.4162(�1) �5.9266(�1) �7.1720(�1) �7.1694(�1) �7.1672(�1)
1.0 �8.5815(�1) �8.0699(�1) �7.4393(�1) �9.0170(�1) �8.9293(�1) �8.9436(�1)

Table 13
Density profiles Nð�aþ 2agÞ for case 4 with a ¼ 10:0.

g BGK S GJ MRS CES LBE

0.0 �8.9091(�1) �8.5157(�1) �8.1727(�1) �9.1448(�1) �9.2543(�1) �9.2411(�1)
0.1 �6.4201(�1) �5.8504(�1) �5.1708(�1) �6.9011(�1) �6.7893(�1) �6.8061(�1)
0.2 �4.7728(�1) �4.3302(�1) �3.7637(�1) �5.1618(�1) �5.0891(�1) �5.0999(�1)
0.3 �3.1723(�1) �2.8738(�1) �2.4797(�1) �3.4387(�1) �3.3911(�1) �3.3983(�1)
0.4 �1.5796(�1) �1.4279(�1) �1.2195(�1) �1.7181(�1) �1.6930(�1) �1.6969(�1)
0.5 1.1664(�3) 1.5871(�3) 3.5423(�3) 1.9911(�4) 5.0712(�4) 4.5855(�4)
0.6 1.6030(�1) 1.4599(�1) 1.2900(�1) 1.7223(�1) 1.7031(�1) 1.7060(�1)
0.7 3.1959(�1) 2.9059(�1) 2.5479(�1) 3.4435(�1) 3.4012(�1) 3.4075(�1)
0.8 4.7947(�1) 4.3600(�1) 3.8188(�1) 5.1681(�1) 5.0993(�1) 5.1091(�1)
0.9 6.4222(�1) 5.8532(�1) 5.1520(�1) 6.9079(�1) 6.7982(�1) 6.8144(�1)
1.0 8.5031(�1) 7.9633(�1) 7.3043(�1) 8.9484(�1) 8.8592(�1) 8.8797(�1)
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Q fm ¼ p�1=2d
ba1ba2ba1 þ ba2 � ba1ba2

þ an;1an;2

an;1 þ an;2 � an;1an;2

� �
; ð42aÞ

when ba1 þ ba2–0 and an;1 þ an;2–0,
Q fm ¼ p�1=2d
ba1ba2ba1 þ ba2 � ba1ba2

; ð42bÞ

when ba1 þ ba2–0 and an;1 þ an;2 ¼ 0, and



Table 14
The normalized heat-flow perturbation q ¼ Q=Q fm.

Case 2a BGK S GJ MRS CES LBE

1 2.0(�3) 1.00020 1.00029 1.00009 1.00103 1.00038 1.00049
2.0(�2) 1.00167 1.00261 1.00087 1.00839 1.00299 1.00402
2.0(�1) 9.98910(�1) 1.00838 1.00241 1.01249 9.86209(�1) 9.92887(�1)
2.0 7.96819(�1) 8.61368(�1) 8.99611(�1) 7.25869(�1) 7.12211(�1) 7.14537(�1)
2.0(1) 2.61923(�1) 3.47531(�1) 4.41597(�1) 1.91174(�1) 1.94519(�1) 1.94621(�1)

2 2.0(�3) 9.99527(�1) 9.99618(�1) 9.99660(�1) 9.99462(�1) 9.98963(�1) 9.99058(�1)
2.0(�2) 9.95415(�1) 9.96328(�1) 9.96752(�1) 9.94674(�1) 9.90539(�1) 9.91412(�1)
2.0(�1) 9.59862(�1) 9.68428(�1) 9.73038(�1) 9.49847(�1) 9.31759(�1) 9.36287(�1)
2.0 7.46857(�1) 8.02065(�1) 8.41233(�1) 6.78491(�1) 6.78424(�1) 6.78504(�1)
2.0(1) 2.59750(�1) 3.41505(�1) 4.31239(�1) 1.90548(�1) 1.94707(�1) 1.94655(�1)

3 2.0(�3) 9.98823(�1) 9.98972(�1) 9.98881(�1) 9.99303(�1) 9.95873(�1) 9.96414(�1)
2.0(�2) 9.88400(�1) 9.89871(�1) 9.89247(�1) 9.91226(�1) 9.62809(�1) 9.67618(�1)
2.0(�1) 8.96303(�1) 9.08554(�1) 9.10971(�1) 8.88830(�1) 7.62719(�1) 7.85222(�1)
2.0 5.28936(�1) 5.74667(�1) 5.97221(�1) 4.86434(�1) 4.21802(�1) 4.29341(�1)
2.0(1) 1.62227(�1) 2.14606(�1) 2.67137(�1) 1.19986(�1) 1.19668(�1) 1.20136(�1)

4 2.0(�3) 9.99269(�1) 9.99419(�1) 9.99325(�1) 9.99764(�1) 9.98222(�1) 9.98481(�1)
2.0(�2) 9.92952(�1) 9.94437(�1) 9.93669(�1) 9.96643(�1) 9.83901(�1) 9.86270(�1)
2.0(�1) 9.37125(�1) 9.50526(�1) 9.50437(�1) 9.36426(�1) 8.81435(�1) 8.93036(�1)
2.0 6.34222(�1) 7.01123(�1) 7.40937(�1) 5.65949(�1) 5.42482(�1) 5.47518(�1)
2.0(1) 1.76169(�1) 2.39701(�1) 3.12113(�1) 1.26279(�1) 1.27844(�1) 1.28098(�1)

Table 15
The heat-flow perturbation Q and the normalized heat-flow perturbation q ¼ Q=Q fm based on the LBE and CL boundary conditions with at;1 ¼ an;2 ¼ 1� � and at;2 ¼ an;1 ¼ �.

a � ¼ 0:05 � ¼ 0:10 � ¼ 0:15

Q q Q q Q q

1.0(�3) 8.56455(�2) 1.03025 1.64813(�1) 1.01243 2.39528(�1) 1.00636
1.0(�2) 1.06255(�1) 1.27817 1.81327(�1) 1.11387 2.51818(�1) 1.05799
1.0(�1) 2.19909(�1) 2.64534 2.68479(�1) 1.64924 3.12831(�1) 1.31433
1.0 2.48205(�1) 2.98573 2.59046(�1) 1.59129 2.68456(�1) 1.12790
2.0 1.92550(�1) 2.31624 1.98800(�1) 1.22121 2.04128(�1) 8.57627(�1)
4.0 1.32492(�1) 1.59378 1.35419(�1) 8.31866(�1) 1.37869(�1) 5.79245(�1)
8.0 8.15922(�2) 9.81496(�1) 8.26930(�2) 5.07975(�1) 8.36001(�2) 3.51238(�1)
1.6(+1) 4.61405(�2) 5.55037(�1) 4.64904(�2) 2.85586(�1) 4.67758(�2) 1.96524(�1)
3.2(+1) 2.46873(�2) 2.96970(�1) 2.47871(�2) 1.52265(�1) 2.48680(�2) 1.04481(�1)

Table 16
The normalized heat-flow perturbation q ¼ Q=Q fm: alternative spatial variable.

Case 2at BGK S GJ MRS CES LBE

1 2.0(�3) 1.00020 1.00043 1.00020 1.00069 1.00026 1.00033
2.0(�2) 1.00167 1.00369 1.00173 1.00598 1.00224 1.00295
2.0(�1) 9.98910(�1) 1.00456 9.93834(�1) 1.01855 9.96885(�1) 1.00216
2.0 7.96819(�1) 7.91460(�1) 7.78622(�1) 8.15880(�1) 7.87806(�1) 7.92007(�1)
2.0(1) 2.61923(�1) 2.61922(�1) 2.60962(�1) 2.63437(�1) 2.62405(�1) 2.62590(�1)

2 2.0(�3) 9.99527(�1) 9.99430(�1) 9.99241(�1) 9.99644(�1) 9.99291(�1) 9.99356(�1)
2.0(�2) 9.95415(�1) 9.94575(�1) 9.92985(�1) 9.96460(�1) 9.93402(�1) 9.94012(�1)
2.0(�1) 9.59862(�1) 9.54968(�1) 9.46996(�1) 9.66007(�1) 9.49683(�1) 9.53492(�1)
2.0 7.46857(�1) 7.41674(�1) 7.35455(�1) 7.55742(�1) 7.45069(�1) 7.46222(�1)
2.0(1) 2.59750(�1) 2.59749(�1) 2.59405(�1) 2.60285(�1) 2.60923(�1) 2.60828(�1)

3 2.0(�3) 9.98823(�1) 9.98462(�1) 9.97500(�1) 9.99546(�1) 9.97178(�1) 9.97547(�1)
2.0(�2) 9.88401(�1) 9.84888(�1) 9.76693(�1) 9.94542(�1) 9.73958(�1) 9.77357(�1)
2.0(�1) 8.96303(�1) 8.70875(�1) 8.31056(�1) 9.25816(�1) 8.17184(�1) 8.36390(�1)
2.0 5.28936(�1) 5.05344(�1) 4.73001(�1) 5.70754(�1) 4.69449(�1) 4.81455(�1)
2.0(1) 1.62227(�1) 1.62225(�1) 1.59974(�1) 1.65606(�1) 1.60544(�1) 1.61387(�1)

4 2.0(�3) 9.99269(�1) 9.99132(�1) 9.98499(�1) 9.99847(�1) 9.98784(�1) 9.98958(�1)
2.0(�2) 9.92952(�1) 9.91777(�1) 9.86545(�1) 9.97993(�1) 9.88763(�1) 9.90425(�1)
2.0(�1) 9.37125(�1) 9.28535(�1) 9.05063(�1) 9.60953(�1) 9.12870(�1) 9.22675(�1)
2.0 6.34222(�1) 6.26705(�1) 6.10014(�1) 6.58047(�1) 6.15385(�1) 6.22641(�1)
2.0(1) 1.76169(�1) 1.76169(�1) 1.75086(�1) 1.77814(�1) 1.75611(�1) 1.76091(�1)
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Q fm ¼ p�1=2d
an;1an;2

an;1 þ an;2 � an;1an;2
; ð42cÞ

when ba1 þ ba2 ¼ 0 and an;1 þ an;2–0.
We note from the results for Case 1 in Table 14 that here, differ-

ently than for the case based on the Maxwell boundary conditions
(Siewert, 2003a), the normalized heat-flow perturbation q can be
larger than one. This effect shows up when the gas interaction with
one of the walls occurs preferentially in the tangential direction,
while for the other wall the interaction is dominated by the normal
component of the CL kernel. In fact, it can be noted from Eq. (42a)
that if one of the an coefficients, say an;1, approaches zero, and the
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value of ba at the opposite wall (ba2) also approaches zero, then
q!1, since Q fm ! 0 but Q does not ?0. Three cases where q
can be seen to reach a maximum value well above unity are shown
in Table 15.

5. Concluding remarks

In this work, we have used the ADO method to solve the prob-
lem of heat transfer for a single-species gas described by the LBE
for rigid-sphere interactions and CL boundary conditions. On com-
paring the results reported in Tables 6–14 for the LBE and the five
kinetic models, we can see that the results of the CES model are the
ones that agree better with the LBE results. We can also see that
while all of the models behave reasonably well for small values
of the parameter a, say a 6 0:1, only the CES and MRS results are
consistent with the LBE results for all of the considered values of
a in these tables.

At this point, it is important to emphasize that the comparison
results of Tables 6–14 were obtained from a formulation based on
the dimensionless spatial variable defined by Eq. (17). Since this
choice of spatial variable preserves the physical distance between
the plates (when measured, for example, in cm) for the LBE and
the models, we believe a comparison based on the results of Tables
6–14 is, among many possibilities, the one that makes more sense,
even though the numerical results of the BGK, S, and GJ models are
found not to agree always well with those of the LBE. As observed
in a previous work (Garcia and Siewert, 2010), improved agree-
ment between the results of these three models and the LBE results
can be obtained when the problems being solved are formulated in
terms of alternative dimensionless spatial variables. We have con-
firmed that this is also the case for the problem solved in this work,
when a spatial variable based on thermal conductivity (Siewert,
2003a),

st ¼ ze0=et ; ð43Þ

where et is defined by Eq. (40), is used. As an illustration of this fact,
we show some numerical results for the normalized heat-flow per-
turbation in Table 16, where the dimensionless half-distance
between plates at is given by

at ¼ z0e0=et : ð44Þ

It should be noted that the physical distance between plates is not
preserved when this choice of spatial variable is made and the value
of at is taken to be the same for the LBE and the models, as done in
Table 16. The reason is that the numerical value of et is different for
the LBE and the models (Garcia and Siewert, 2006), except the CES
model which shares with the LBE the same (exact) value of et .

Finally, a comment regarding the way we obtained the numer-
ical results reported in Tables 14 and 16 for Case 4 (the most diffi-
cult of all cases) is important. To develop confidence on the
accuracy of these six-digit results, we applied Richardson
extrapolation (Dahlquist and Björk, 1974) in the parameter N to
four sequences of results generated with different values of N for
two values of the parameter K. More specifically, we verified that
the last terms of the accelerated sequences obtained with
N ¼ 2n;n ¼ 1;2; . . . ;8, and N ¼ 3 � 2n; n ¼ 1;2; . . . ;7, for both
K ¼ 30 and K ¼ 35 were all in agreement with each other.

Appendix A. The heat-flow perturbation for the case of free
molecular flow

In the regime of free molecular flow, our problem is formulated
by Eq. (20) in the absence of collisions, i.e.

cl @

@s
wðs; c;lÞ ¼ 0; ðA:1Þ
subject to the CL boundary conditions expressed by Eq. (21). The
solution of this problem can be formally written as

wðs; c;lÞ ¼ Fþðc;lÞ ðA:2aÞ

and

wðs; c;�lÞ ¼ F�ðc;lÞ; ðA:2bÞ

for s 2 ½�a; a�; c 2 ½0;1Þ, and l 2 ð0; 1�. Here, Fþðc;lÞ and F�ðc;lÞ
are solutions to the following system of coupled integral equations:

Fþðc;lÞ �
Z 1

0

Z 1

0
F�ðc0;l0ÞR0;1ðc0;�l0 : c;lÞc02dl0dc0

¼ �½an;1f ðc;lÞ þ ba1gðc;lÞ�d ðA:3aÞ

and

F�ðc;lÞ �
Z 1

0

Z 1

0
Fþðc0;l0ÞR0;2ðc0;l0 : c;�lÞc02dl0dc0

¼ ½an;2f ðc;lÞ þ ba2gðc;lÞ�d; ðA:3bÞ

for c 2 ½0;1Þ and l 2 ð0; 1�.
Denoting as Q fm the heat-flow perturbation for the case of free

molecular flow, we can use Eqs. (19c) and (A.2) to write

Q fm ¼ Qþ � Q�; ðA:4Þ

where

Q� ¼
2

p1=2

Z 1

0

Z 1

0
e�c2

F�ðc;lÞðc2 � 5=2Þc3ldldc: ðA:5Þ

If we now multiply Eq. (A.3) by

2p�1=2e�c2 ðc2 � 5=2Þc3l

and integrate the resulting equations over c 2 ½0;1Þ and l 2 ð0; 1�,
we find that Q fm can be expressed as

Q fm ¼
2

p1=2

Z 1

0

Z 1

0
e�c2

U�ðc;lÞ½an;1f ðc;lÞ

þ ba1gðc;lÞ�c3ldldc ðA:6aÞ

or

Q fm ¼
2

p1=2

Z 1

0

Z 1

0
e�c2

Uþðc;lÞ½an;2f ðc;lÞ

þ ba2gðc;lÞ�c3ldldc; ðA:6bÞ

where

Uþðc;lÞ ¼ �Fþðc;lÞ � ðc2 � 5=2Þd ðA:7aÞ

and

U�ðc;lÞ ¼ F�ðc;lÞ � ðc2 � 5=2Þd: ðA:7bÞ

Continuing with our derivation, we now use Eq. (A.7) in Eq. (A.3) to
find

Uþðc;lÞ þ
Z 1

0

Z 1

0
U�ðc0;l0ÞR0;1ðc0;�l0 : c;lÞc02dl0dc0

¼ �2ðc2 � 5=2Þd ðA:8aÞ

and

U�ðc;lÞ þ
Z 1

0

Z 1

0
Uþðc0;l0ÞR0;2ðc0;l0 : c;�lÞc02dl0dc0

¼ �2ðc2 � 5=2Þd; ðA:8bÞ

for c 2 ½0;1Þ and l 2 ð0; 1�. Multiplying Eq. (A.8) by

e�c2
f ðc;lÞc3l
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and integrating the resulting equations over c 2 ½0;1Þ and
l 2 ð0; 1�, we find

fþ þ ð1� an;1Þf� ¼ d=2 ðA:9aÞ

and

f� þ ð1� an;2Þfþ ¼ d=2; ðA:9bÞ

where

f� ¼
Z 1

0

Z 1

0
e�c2

U�ðc;lÞf ðc;lÞc3ldldc: ðA:10Þ

Similarly, multiplying Eq. (A.8) by

e�c2
gðc;lÞc3l

and integrating the resulting equations over c 2 ½0;1Þ and
l 2 ð0; 1�, we find

gþ þ ð1� ba1Þg� ¼ d=2 ðA:11aÞ

and

g� þ ð1� ba2Þgþ ¼ d=2; ðA:11bÞ

where

g� ¼
Z 1

0

Z 1

0
e�c2

U�ðc;lÞgðc;lÞc3ldldc: ðA:12Þ

We can now use the definitions expressed by Eqs. (A.10) and (A.12)
to rewrite Eq. (A.6) as

Q fm ¼ 2p�1=2ðan;1f� þ ba1g�Þ ðA:13aÞ

and

Q fm ¼ 2p�1=2ðan;2fþ þ ba2gþÞ: ðA:13bÞ

At this point, we can solve Eq. (A.9) for fþ and f� and Eq. (A.11) for
gþ and g�, and use the expressions obtained for these quantities in
either of Eq. (A.13) to determine Q fm. This way, we conclude that
the heat-flow perturbation for free molecular flow and the CL
boundary conditions expressed by Eq. (21) is given by

Q fm ¼ p�1=2d
ba1ba2ba1 þ ba2 � ba1ba2

þ an;1an;2

an;1 þ an;2 � an;1an;2

� �
; ðA:14Þ

provided ba1 þ ba2–0 and an;1 þ an;2–0. For ba1 þ ba2–0 and
an;1 þ an;2 ¼ 0, we find

Q fm ¼ p�1=2d
ba1ba2ba1 þ ba2 � ba1ba2

; ðA:15Þ

while for ba1 þ ba2 ¼ 0 and an;1 þ an;2–0 we find

Q fm ¼ p�1=2d
an;1an;2

an;1 þ an;2 � an;1an;2
: ðA:16Þ

Finally, we list some integrals that we have been able to perform
analytically and that were instrumental for deriving the result
expressed by Eqs. (A.14)–(A.16):Z 1

0

Z 1

0
e�c2

R0ðc0;�l0 : c;�lÞldlc3ðc2 � 5=2Þdc

¼ c0l0e�c02 ½ðc02 � 5=2Þ þ anf ðc0;l0Þ þ bagðc0;l0Þ�; ðA:17aÞ

Z 1

0

Z 1

0
e�c2

R0ðc0;�l0 : c;�lÞf ðc;lÞldlc3dc

¼ ð1� anÞc0l0e�c02 f ðc0;l0Þ; ðA:17bÞ

andZ 1

0

Z 1

0
e�c2

R0ðc0;�l0 : c;�lÞgðc;lÞldlc3dc

¼ ð1� baÞc0l0e�c02 gðc0;l0Þ: ðA:17cÞ
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