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Abstract--The normal-mode-expansion technique is used to establish the solution of the Milne 
problem basic to a generalized equation of radiative transfer. The non-gray model used includes 
the effects of absorption, scattering and losses due to photo-electric ionizations and collisions 
of the second kind. Accurate numerical results are presented for such physical quantities as the 
extrapolation distance, the integrated Planck function and the angular distribution of the exit 
intensity for selected values of the basic parameters. 

I. INTRODUCTION 

THE PiCKET-fence model originally discussed by CnANDRASEKnAR ~1~ in an analysis of non- 
gray radiative transfer for astrophysical applications is based on the concept of representing 
the absorption and scattering coefficients by a set of discrete values over the entire frequency 
spectrum. CHANDRASEKHAR ~1) and Mi.~NCH {2~ reported approximate solutions for the Milne 
problem in the picket-fence model. More recently, SIEWERT and ZWEWEL, ~3~ utilizing the 
CASE ~4~ technique, developed the formalism for the exact solution of the equation of radi- 
ative transfer in the picket-fence model by assuming LTE and radiative equilibrium and by 
neglecting the effects of scattering. This exact method of solution was applied by SIMMONS 
and FERZIGER, (5) S1EWERT and (~ZI~,IK, ~6~ BOND and SIEWERT, ~7) and REITH et al., ~s) to 
study radiative transfer in the picket-fence model. However, in all of these studies, ~3' 5-8) 
the transfer matrix in the equation of radiative transfer had a simple form, that is, the 
determinant of the transfer matrix vanished, because the scattering term in the defining 
equation was neglected. The elementary solutions of the more general equation of transfer 
have been summarized by SIEWERT and SHIEH ~9~ for isotropic scattering, and the related 
half-range orthogonality theorem and normalization integrals have been established by 
SIEWERT and 1SHIGURO. ( 10 ) 

In the present analysis, we consider the generalized equation of radiative transfer in the 
two-group picket-fence model with absorption, isotropic scattering and losses due to photo- 
electric ionizations and collisions of the second kind. The elementary solutions of the result- 
ing equations are then used to develop the solution of the Milne problem. 

2. ANALYSIS 

We consider here the following form of the equation of radiative transfer for isotropic 
scattering :¢ 11 

1 t 
i l , (x ,  #') d#', (1) tl cxT-- l~.(x, p) + (K v + cr~.)Iv(x, Ft) = (K v + evtr~)Bv[T(x)] + ~ tr,.(1 - av)" -1 
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where Iv(x, #) is the spectral radiation intensity, ~-~ and av are respectively the spectral ab- 
sorption and scattering coefficients, B~[T(x)] is the Planck function at the local temperature 
T(x), and # is the direction cosine of the propagating radiation (as measured from the 
positive x axis). Here, the coefficient G ~ 1 allows for the possibility that a certain amount 
of thermal emission may be associated with the scattering coefficient; the origin of this 
process of selective scattering and reemission may be due to photo-electric ionizations and 
collisions of the second kind. For G = 0 equation (1) simplifies to the standard form of the 
equation of radiative transfer. 

We now assume that the entire frequency spectrum is divided into two regions Av~, 
i = 1, 2, in each of which K~, G and ev take constant values K~, a~ and ~ .  Integration of 
equation (1) over the region Av~ yields 

1 2 [ (K i + 8i(Ti)(D i 
P ~x Ii(x, p) + (t~, + ai)I,(x , p) = 5 j~=l [Zf-~l (-~s -+ e-~)o)~ (Kj + ej aft 

+ 6qaj(1 - ~j) f -a  lj(x, p') dff. (2) 

Here we have utilized the condition of radiative equilibrium 

s 1 ( ~  + e~G0&[T(x)I  dv = ( ~  + Ga~) Iv(x, p) dp dv (3) 
-1  

and defined 

and 

Ii(x' P) = fa~, I~(x, p) dv (4) 

°Ji - dT-~(x) v, Bv[T(x)] dv = B(x) av, Bv[T(x)] dr, (5) 

where B(x) is the integrated Planck function and 6 is the Stefan-Boltzmann constant. 
W e  n o t e  that  ¢oI a n d  ~o 2 = 1 - o~ 1 are, in genera l ,  f u n c t i o n s  o f  the space  var iab le  x ;  h o w e v e r ,  
f o l l o w i n g  the  w o r k s  p r e v i o u s l y  m e n t i o n e d ,  w e  c o n s i d e r  that  ~o 1 a n d  oJ 2 are c o n s t a n t s .  

Introducing an optical variable 

dr = (h" 2 + a2) dx, (6) 

we can write equation (2) in the form 

8 1 
I(z, p) + '£I(z, p) = Q f I(z, p') dp'. (7) P 

-1  

Here I(z, p) is a two-component vector with elements ll(r, p) and I2('C, fl), while 

and the elements of the 2 x 2 transfer matrix Q are 

1 ~ij  (9)  
q i j  - -  2 K2 + a2 ' 
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where 

and  

(Ki + ~i ffi)(Kj + 'gj 0-j)fOi "~- (~ij a j(1 -- e j) (10) 0-'J = Z L ,  ('q + 

K1 + 0-2 
0- = ~ ,  0- > 1. (11) 

K2 + 0-2 

Withou t  loss o f  general i ty  0- is taken  to be greater  than unity.  We note  tha t  the t ransfer  
mat r ix  Q in equa t ion  (7) is not  symmetr ic ;  however,  the equa t ion  can be t r ans fo rmed  to a 
form with a symmetr ic  t ransfer  matr ix .  I f  we let 

01] 
then we can pre-mul t ip ly  equat ion  (7) by  P to yield 

where 

~--~ f 11 p ~ (z ,  p) + ~ ( z ,  #) = C ~(T, i f )  d# ' ,  

W(z, p) = PI(z,  p), 

C = P Q P -  1, 

(12) 

(13) 

(14)  

(15) 

and the elements o f  the new transfer  mat r ix  C are given by 

2i2j(('Oi(-Dj) 112 (0-(~11 + 62j) -- 2i 
eij -- 2 Z2= 1 2~ o~ + ~ij 2 

where 2 i is defined as 

(16) 

)- i  - ~:i + ei 0-i, i = 1 a n d  2. 
K 2 + 0" 2 

(17) 

We note  that  0 < 21 < 0- and  0 < )-2 < 1 and that  C is symmetric .  In  addi t ion ,  

C = det  C = 
a(1 -- )-2)21 091 + (0- -- 21))- 2 ¢o 2 

40q oox + )-2 c°2) 
(18) 

Invoking  the definit ions of  the 2i 's and  0-, we note that  

det  C _> 0 

and 

(19) 

det[r .  - 2C] -- a + 4 C  - 2cl1 - 26c22 = O. (20) 
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We note that SIEWERT and ZWEIFEL (3) have expressed a general solution of equation (13) 
as 

W(z, p) = A+ (]D+ + A_ O_(z, p) + f m  [Al(1)(r/)(I)l(1)(r/, #) 

+ A2(1)(r/)(l)2(a)(r/, p)]exp(-- z/r~) dr/+ f ~  A(Z)(r/)(1)(2)(r/, #)exp(- z/r/) dr/, (21) 

where regions (~) and (~) respectively refer to r/~ ( -  l/a, l/a) and r/~ ( -  l, - l /a)U(l /a ,  1), 
and A+, A_, Al(1)(r/)  , A2(1)(r/) and A(2)(~/) are the expansion coefficients to be determined 
once appropriate boundary conditions have been specified. The continuum eigenvectors 
required in equation (21) can be written as 

c ~ l  a~l - ~ ÷ 21~(q);~(a~l - tO 

(]Dl(l)(r/, #) = , (22a) 

P + 221(~/)6(r/- p) L c21r/ ~ -- ]A 

I ] c~2 r/at/--  ~ + 't12(~)~(ar/- #) 

(ID2 (1)(r/, p) = , (22b) 
P 

L~2 q _ # + .~22Q])(~(r/-- ~/) 

and 

C12 q 1 aq - /~  
O(2)(q, #) = 

P 
- -  + 2 ( . ) 6 ( ~  - p) "f(")  q - p 

(22c) 

where 

and 

f ( r / ) = c 2 2 - 2 C q  tanh-1 ( 1 ) ,  

2(r/) = det ~.(~/), 

(23a) 

(23b) 

f 
~ dp 

k(q) = I + qP ~ b ( # ) - - .  (24) 
-1 / l - -q  

Here the characteristic matrix ~(p) is 

, (# )  = [0(/0 01] C = 0(/~)C (25) 

with 0(g)= 1 for # s ( - l / g ,  l/a) and 0(g)= 0, otherwise. In addition, the symbol P is 
used to denote that ensuing integrals over/~ or q are to be evaluated in the Cauchy principal- 
value sense, 5(x) is the Dirac delta functional and I is the unit matrix. 
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Regarding the discrete spectrum r/~ ( -  1, 1), we note that the number of zeros of  the dis- 
persion function A(z) = det A(z), with 

f l  d/t A(z) = I + z dl(p) ~ ,  (26) 
-1 p - z  

has been discussed by SIEWERT and SmEH. (9) Invoking the results given by equations (19) 
and (20), we conclude that the dispersion function for the considered problem has either 
two zeros at infinity or two zeros at infinity plus two real zeros. In the present analysis we 
focus our attention on the situation where there are only two roots at infinity, i.e. C2z > 
2Ctanh-l(1/a). Thus we write the discrete eigenvectors as 

~- (~ - ~) 

• + = and ~_(z,  p) = . (27) 

Basic to the determination of the expansion coefficients for half-space applications is the 
half-range completeness theorem (12) which states that an arbitrary H61der function F(/t) 
may be expressed as 

F(/t) ---- _4+ ll~+ + f l /a  [Al(1)(q)~l(')(q,/t) + A2(D(r/)(I~20)(q, P)] dr/ 
~0 

1 
+ f A(2)(rl)ff~t2)(r/,/t) dr/, p e (0, 1), (28) 

J1 / a  

where the expansion coefficients can be determined by utilizing the orthogonality theorem 
o f  SIEWERT and  ISHIGURO :(1 o) 

1 1 

A + = ~ fo ~')(/t)F(/t)/t d/t, (29a) 

1 1 

A'tl)(r/) = N~(r/) fo ~)tl)(r/,/t)F(/t)/t d/t, ~ = 1 and 2, (29b) 

and 

1 1 

AtZ)(q) - NtT)(q) ~o ~(z)(r/,/t)F(#)p d/t, (29c) 

where the normalization factors are given by 

N+ = 5 I--J- + c22 , (30a) 

N(,)(r/)=r/A+(r/)A_(q), r/e ( 1_ 1 ) , ~  (30b) 

and 

N~2)(r/)=r/A*(r/)A-(rl), r/~ ( - 1 ,  _ 1 ) U ( 1 ,  1). (30c) 
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Here A+(F/) denote the limiting values as the branch cut of A(z) is approached from above 
(+ )  and below ( - ) ;  explicitly we can write 

A+(r/) = 21a(r/)222(~/) - 2,2(r/)22~(~/) - (nq)2CO(rl) 

"[- i/~/'/{~,11(q)¢22 -I- ,~12(~)C1z -{- 0(/~)[Cl1,~22(q ) - -  C12,~21(?/)]}, (31)  

where the elements of k(q) are denoted by 2ij(q) and given by equation (24). In the foregoing 
equations, the superscript tilde is used to denote the transpose operation. In addition the 
functions O(#), O,(x)(q, #) and O(2)(~/, p) are given by 

O(#) = 2 ~ -  Ih(/~)CIzI~U, (32a) 

O,°)0l,/~) = [qK(q, #)h(g)H-'(r/)C + 6(7, U)~.(q)]V,(q), ~ = 1 and 2, (32b) 

and 

where 

Further, 

O(2)(r/, #) = [qK(q, #)h(#)H-~(q)C + ¢$(rl, gt);@/)]UC2)(r/), 

o] [ ] 
an - # 6(an #) 0 

K0/, #) = and fi0/,/~) = O 60/ #) " p 
0 q _ # 

(32c) 

(33) 

Vl(r/) = N22(r/)Ul(1)(?I) - N12(r/)Ux(t)01), (34a) 

V2(O) = N1 l(q)U2°)(r/) - N21(q)Ut(1)(q), (34b) 

[ - A~2(r/) ] (35a) 
u(2~(~) = L A~(~)  J' 

U~(1)(q)= [10] and U2(~)=[~].  (35b) 

To complete equations (34), we also require 

Nil(r/) = 1 - 4qF/F(a~D + 4r/2[cl12F2(m/) + c12c21F2(~1)] + n2~/2(qx2 + c12c21), (36a) 

Nij(rl) = clj[4clFI2F2(arl) + 4c22 r/2F2(q) - 2t/F(ar/) 

+ 2qF(q) + n2~'/2(Cll -'~ C22)] , i C j, (36b) 

and 

N2z(q)  = 1 - 4e22qF(q)  + 4q2[c222V2(rl) + clz c21F2(oq)] + lz2q2(c222 + c12 c21), (36c) 

where we have used the abbreviation F(x) for tanh-l(x).  In the foregoing equations the H 
matrix is the unique (12) solution of 

f~ d/£ H(/~) = I + #H(#)C IZI(/£)O(ff)/~+ p, (37a) 
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and 

U = f ioU. 

Here the moments H~, n = 0, 1, 2 . . . ,  are defined as 

1 

H. = fo ~(#)H(p)p" dp, n = 0, 1, 2 . . . . .  

and U is the normalization integral of the discrete eigenvector q~+ : 

1 

u = f  ~ + d p = 2 ~ + .  
- 1  

Finally h(p) is defined as 

265 

(37b) 

(37c) 

(38) 

lim I(z, p)e -~ = 0. (40c) 
~-'* oo 

Here I(~, p) is the radiation intensity vector; 2~ and Q are defined in terms of the basic 
parameters by equations (8) and (9). To transform equation (40a) to a form with a symmetric 
transfer matrix we introduce 

• (~, p) = PI(z, #) (41) 

where P is given by equation (12). Thus, with C = l~, we consider 

a 1 
• (r, p) + ~ ( T ,  #) = C f ~(z, #') dp', 0 _< z < ~ ,  (42a) P 

- 1  

subject to the boundary conditions 

• (0, p) = 0, p e (0, 1), (42b) 

and 

lira ~(~, p) e - '  = 0. (42c) 
T-"* oo 

and 

1  39, 
where the elements of H(p) are denoted by Hij(p ). 

3. THE MILNE PROBLEM 

Having completed the required analytical formalism, we now proceed to solve a typical 
half-space problem. We consider the Milne problem and thus seek a diverging (as z ~ oo) 
solution to the equation of transfer 

# 1 
I(z, p) + 12I(z, p) = Q f I(z, p') dp', 0 _< z < or, (40a) P 

Q/ 
- 1  

subject to the boundary conditions 

I(0, p) = 0, p e (0, 1), (40b) 
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A properly diverging solution of equation (42a) can be written as 

~I'(~, ~) = A + (1) + + A _  (p_  (r, ~) 
I/a 

+ fo [Al(1)(tl)~l(1)(r/' p) +A2°)(tl)~2(1)(~' p)]exp(-z/r/) dr/ 

1 
+ f~ A(2)(r/)~(2)(tl, p )exp(-  z/r/) dr/; (43) 

constraining this solution to meet the boundary condition given by equation (42b), we find 

l/a 
P~-lt l)+ = ~°(I)+ + fo 

where we have defined 

[B 1 (1)(?])(I)1(1 )(/~, ]2) 71- B2 O )(r/)(I)2 (1)(/7, ]A)] dr/ 

1 

+ fl/a B(2)(r/)(l}(2)(~/' //) dr/, ~, E (0,  1), (44)  

A + A (1)(r/) A(2)(r/) (45) 
z ° = ~ _  ' B~(1)(~/)= A_ ' o ~ = l a n d 2 ,  andB(2)(r/)= A--~_ 

Here we can fix the arbitrary constant A_ by imposing a normalization condition: 

2 f 1(%/~)p dp = - F ,  
-1 

(46) 

where F is the flux constant and the superscript T is used to denote the transpose operation. 
We can now use equations (41) and (43) to find 

A _  = 
3 a 2 F  

4[(o9111/2 ] (47) 
C12 + 0"2C22 -- 2aC 

L \o)21 

To complete our solution, we can now solve equation (44), by making use of  equations 
(29), to obtain 

2 UHI CI~2 U, 
"r° : N--~ " 

(48) 

r/ ~(r/)CH-I(r/)H1U, oc = 1 and 2, (49) B (1)(r/) - No)(r/) 

and 

r/ C(2)(~/)CH - l(r/)Ht U. (50) B(:)(~) N¢2)(n) 

Since the complete radiation intensity I(z,/~) is now expressed in terms of the H matrix 
and known quantities, we can readily determine other physical quantities of interest. For 
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example, l(z, #) can be entered into equation (3) to yield the black-body radiation function: 

= - -  + 2 2  C22 
B(~) 2(21~ol + 22 o02) a \o~2/ 

where 

l (~-q'~l~ } 21 1 
+ \~oj  / I B(~)exp(-~/ . )  d .  , (51) 

"O 
22 J 

o(,1) [a,(1)(,1)] B(n) = [Be~,(,s)] + [1 - 0(,7)]8(2)(,7)u(~)(,7). (52) 

The angular distribution of the radiation emerging from the half space follows at once 
from equations (41) and (43) after we set z = 0 and consider # < 0. Alternatively we can use 
equation (80b) of SmWERT and ISHIGURO O°) to deduce that 

I(0, - # )  = A_P-lX;-~h(p)CI)IU, # ~ (0, 1). (53) 

It is apparent from the foregoing analysis that an accurate computation of the H matrix 
is basic to a calculation of the various physical quantities of interest here. We have found 
that a straightforward iterative calculation of  H(p) from equation (37a) subject to equation 
(37b), does not converge very quickly. However we have found that the method discussed by 
KRIESE and SlEWERT (13) c a n  be used here to accelerate our iterative calculation. If we write 

where 

and 

with 

H(z) = TB(z)L(z)T- 1, (54) 

. . ,  [~o z ~] ~55, 

T a[ '2 21c22 
c. ~ )  2ci: 

(56a) 

, (c. ~)2] .,2 ,56b, a ~ [ ~ : +  

we can enter equation (54) into equation (37a) to obtain, after using equation (37b), 

f~ d/.t' (57) L(#) = I + pL(p)A L(ff)R(ff) #, + #,  
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where 

and  

R(/z) = B(~t)TO(#)TB( - /~) ,  (58) 

° o] ,,,, 

We note  that  a solut ion of  equa t ion  (57) can now be computed  i terat ively and that  the 
i terat ive procedure  converges very quickly,  as compared  to the original  H-ma t r ix  equat ion.  
Of  course,  having found  L(/~) we can ob ta in  an H matr ix  immedia te ly  f rom equat ion  (54). 
To ensure that  the H matr ix  so compu ted  is, in fact, the correct  one, equat ions  (37a) and  
(37b) must  now be verified. F ina l ly  we wish to r emark  tha t  this par t icu lar  procedure  for 
comput ing  the H matr ix  is restr icted to the case considered here, viz A(z) has only one pair  
of  zeros, at infinity. 

4. N U M E R I C A L  RESULTS 

Since the complete  solut ion of  the Milne p rob lem has been established,  we now wish to 
repor t  some numerica l  results which follow immedia te ly  f rom the foregoing analysis,  once 
the H mat r ix  has been computed .  Al l  of  our  calculat ions  were per formed in double-prec is ion  
ar i thmet ic  on an IBM 360/75 machine.  To evaluate  the H matr ix  f rom equat ions  (54) and 
(57), a Gauss ian  quadra tu re  scheme was used to represent  the integral  in equat ion  (57). In  
regard  to equat ion  (57), the integrat ion interval  [0, 1] was subdivided into [0, 1/a]U[1/a, 1] 
and a 40-point  Gauss ian  integrat ion scheme was used in each subinterval .  In Table 1, we 
list the compu ted  H matr ix  for the case a = 5.0, 21 = 2.5, 22 = 0"5, and ~o 1 = 0"4. 

Table 1. The Hmatrixforthecase a = 5.0,h~ = 2"5,A2 = 0'5 
and w~ = 0.4 

/~ H11(/~) H12(/~) H21(/~) H22(~) 

0.0 1.0 0-0 0.0 1.0 
0.1 1.62598 0 . 3 6 6 0 1  0.09104 1.15565 
0.2 2 . 0 3 3 5 6  0 . 8 0 2 6 9  0.16098 1.29237 
0-3 2.37056 1.27512 0.22393 1.42671 
0.4 2.66839 1-76768 0.28286 1.56027 
0.5 2 . 9 4 1 5 3  2 . 2 7 2 6 6  0.33918 1.69347 
0.6 3.19791 2.78581 0.39369 1.82648 
0.7 3 - 4 4 2 3 6  2 . 3 0 4 6 3  0.44689 1.95936 
0.8 3 . 6 7 7 9 7  3 . 8 2 7 5 0  0.49911 2.09215 
0.9 3 . 9 0 6 8 4  4 . 3 5 3 3 9  0 . 5 5 0 5 7  2.22488 
1-0 4.13046 4 . 8 8 1 5 7  0 . 6 0 1 4 3  2.35755 

Once H(/~), /~ ~ [0, 1 ], was establ ished numerical ly,  we evaluated,  in a s t ra igh t forward  
manner ,  equat ions  (48), (49), and (50) to comple te  the desired solution.  In Table  2, we list 
our  results for % for several of  the considered cases, and in Table  3 we compare  our  results 
with the predic t ions  of  three approx ima te  solutions.  
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Table 2. The extrapolation distance ~o 

AI A2 col ~o 

5 2.5 0.5 0"2 0'655319 
5 2"5 0.5 0-4 0-592670 
5 2"5 0.5 0-6 0.511113 
5 2.5 0.5 0'8 0.387300 
5 l 1 0-2 0.657507 

10 1 1 0'2 0'668369 

Table 3. A comparison of approximate and exact results for the extrapola- 
tion distance ~'o, for the case to1 = 0.2 and A~ = Az = 1 

TO 

Diffusion Approximate Approximate 
theory* I t  II~ Exact 

5 0.61194 0"53228 0.61668 0.657507 
10 0.62180 0.54106 0.65413 0.668369 

* Chandrasekhartl) 
~" Miinch's, t2) first approximation 

Miinch's, t2) second approximation 

Table 4. The integrated black-body radiation intensity 

B('r)/F 

cr = 5"0, Al = 2"5 and A2 = 0.5 

-r c o l =  0"2 ml = 0'4 ~1 = 0'6 wl = 0'8 

0-00 0"34132 0'31225 0"31251 0"34195 
0-02 0"38950 0'36955 0"37924 0"42336 
0'04 0"42640 0-41397 0-43174 0-48827 
0.10 0'51983 0"52842 0"56956 0"66173 
0'20 0-65168 0'69363 0'77405 0-92611 
0'30 0"76914 0'84305 0"96348 1"17741 
0.40 0"87830 0"98278 1-14353 1-42108 
0'50 0'98204 1'11573 1"31675 1'65922 
0"60 1"08205 1"24368 1"48469 1"89300 
0"80 1-27484 1"48912 1"80877 2"35031 
1'00 1"46184 1"72540 2"12165 2-79725 
1"20 1"64563 1"95609 2-42700 3"23658 
1.40 1-82753 2'18328 2'72723 3'67027 
1'60 2"00831 2'40826 3"02394 4"09975 
2"00 2-36799 2'85443 3-61083 4'95007 
3.00 3"26300 3"96138 5"06170 7"05067 
4.00 4-15635 5'06516 6"50582 9-13850 

In  o r d e r  to  e v a l u a t e  t he  b l a c k - b o d y  f u n c t i o n  B(z),  it is c l ea r  t h a t  the  i n t e g r a l  in  e q u a t i o n  

(51) m u s t  be  e v a l u a t e d  n u m e r i c a l l y .  W e  f o u n d  t h a t  t h e  a c c u r a c y  o f  o u r  c a l c u l a t i o n s  c o u l d  b e  

i m p r o v e d  b y  d i v i d i n g  t h e  i n t e g r a t i o n  i n t e r v a l  [0, l ]  i n t o  s u b i n t e r v a l s  in  e a c h  o f  w h i c h  we 

u sed  a G a u s s i a n  s c h e m e  to  d i s t r i b u t e  t he  n o d a l  p o i n t s .  T o  h e l p  e s t a b l i s h  c o n f i d e n c e  in  a l l  

o f  o u r  c a l c u l a t i o n s ,  t he  n u m b e r  o f  n o d a l  p o i n t s  in  o u r  v a r i o u s  i n t e g r a t i o n  s c h e m e s  a n d  t h e  
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Table 5. A comparison of approximate and exact results for the case 
6o1=0.2 and A l = ~ 2 = l  

B('r)/ F 

or--5 c r = 1 0  

~- Approximate* Exact Approximate* Exact 

0.00 0.4097 0.42962 0"4308 0'42848 
0.02 0.4348 0.46604 0.4603 0.46863 
0.10 0.5295 0.57271 0-5664 0.58551 
0.20 0-6400 0.68746 0'6856 0.70934 
0.30 0.7454 0.79405 0.7972 0-82224 
0-40 0.8475 0'89599 0"9039 0.92868 
0-50 0-9472 0.99484 1.0072 1.03092 
0.60 1.0450 1.09152 1.1079 •'13031 
0.80 1.2364 1-28046 1.3041 1.32370 
1.00 1.4238 1.46563 1.4956 1.51289 
1.40 1.7910 1.82999 1.8709 1.88531 
1-60 1"9726 2.01054 2'0564 2.07002 
2.00 2.3331 2.37004 2-4251 2"43801 
3.00 3.2287 3.26497 3-3418 3.35458 
4.00 4'1220 4.15831 4-2568 4.26968 

* Miinch's, ~2) second approximations. 

n u m b e r  o f  s u b i n t e r v a l s  u s e d  were  i n c r e a s e d  u n t i l  t h e  r e p o r t e d  re su l t s  r e m a i n e d  u n c h a n g e d .  

I n  T a b l e  4 we list  s a m p l e  r e su l t s  fo r  B(z)  a n d  in T a b l e  5 we c o m p a r e  o u r  r e su l t s  to  a n  ap -  

p r o x i m a t e  s o l u t i o n .  

F i n a l l y  we h a v e  c o m p u t e d  t h e  exi t  d i s t r i b u t i o n  o f  r a d i a t i o n  f r o m  e q u a t i o n s  (41) a n d  (43), 

a f t e r  s e t t i n g  z = 0 a n d  c o n s i d e r i n g  # < 0, a n d  a l so  f r o m  e q u a t i o n  (53). S ince  e q u a t i o n  (53) 

d o e s  n o t  r e q u i r e  the  e x p a n s i o n  coeff ic ients ,  t he  f ac t  t h a t  the  two  e q u a t i o n s  y ie lded  resu l t s  

i d e n t i c a l  to  e igh t  s ign i f i can t  f igures  gives a n  a d d i t i o n a l  degree  o f  c o n f i d e n c e  in o u r  resul ts .  

I n  T a b l e  6 we list  o u r  resu l t s  f o r  t he  exi t  d i s t r i b u t i o n  o f  r a d i a t i o n ,  a n d  in T a b l e  7 we c o m p a r e  

o u r  r e su l t s  to  a n  a p p r o x i m a t e  s o l u t i o n .  

Table 6. The laws of darkening for the case a = 5,/~1 = 2.5 and ,~2 = 0.5 

ll(0, --/z) 
I,(0, --1) -- 12(0, --1) 

6ol--0"2 6o1=0"4 6o1=0 '6  6o1=0"8 

i ~ 1  i - - 2  i - - 1  i - - 2  i - - 1  i = 2  i - - I  i - - 2  

0.0 0.04516 0.25837 0.08662 0.20286 0.13524 0.15291 0.20531 0.09496 
0-1 0.05325 0-34823 0.10442 0.28273 0.16538 0.21679 0.25378 0.13576 
0-2 0.05927 0-41910 0.11808 0'34756 0-18910 0.27061 0.29275 0.17150 
0.3 0.06460 0-48485 0-13042 0.40820 0-21090 0.32178 0-32910 0.20624 
0.4 0.06952 0-54794 0.14198 0.46655 0.23156 0.37149 0-36399 0-24046 
0-5 0.07415 0.60939 0-15296 0-52345 0.25143 0.42023 0-39788 0'27436 
0.6 0-07856 0.66976 0.16351 0.57935 0.27068 0.46830 0.43104 0-30802 
0.7 0.08279 0.72936 0.17371 0.63452 0.28944 0.51586 0.46361 0"34151 
0.8 0-08687 0.78840 0.18362 0.68916 0"30778 0.56304 0.49570 0"37487 
0-9 0.09084 0.84701 0.19329 0.74338 0-32577 0.60991 0.52738 0"40812 
1.0 0.09471 0.90529 0.20273 0.79727 0"34345 0.65655 0.55871 0.44129 
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Table 7. A comparison of approximate and exact results for the 
laws of darkening with to1 = 0.2 and )q = A2 = 1 

11(0, --p.) + 12(0, --/x) 
11(0, -- 1) + 12(0, -- 1) 

t r = 5  ~r=lO 

Diffusion Diffusion 
/z theory* Exact theory* Exact 

0"0 0.3499 0.31230 0'3397 0.29895 
0-1 0.4209 0.40571 0.4173 0-39784 
0"2 0.4883 0.48084 0"4873 0-47560 
0.4 0.6188 0.61838 0.6193 0-61568 
0.6 0"7468 0'74863 0.7475 0.74720 
0"8 0"8737 0.87535 0'8742 0"87474 
0.9 0.9369 0"93788 0.9372 0-93759 
1 '0 1.0000 1.00000 1.0000 1.00000 

*Chandrasekhar. ")  
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