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Half-space Analysis Basic to the
Linearized Boltzmann Equation

By C. E. Siewert!), Instituto de Energia Atomica, Cidade Universitaria, Sdo Paulo, Brasil

1. Introduction

We wish to consider here the linearized Boltzmann equation written, for steady state
conditions, as [1]

) .
(Cl a— + l>h(xla Cy,€3, CS) = J.h(xls Clls Clla CQ)K(CI:C) e—c : d3cl' (1)
X1

Here x,, ¢;, ¢, and c; are, respectively, the non-dimensional space variable and velocity
components, ¢ is the velocity of the particles and ¢ = |¢|. The dependent variable / represents the
perturbation of the particle distribution function from the Maxwellian [1]. In addition, the
scattering kernel is taken here to be one corresponding to the linearized BGK model,

K(¢':¢) = (1 +2¢ ¢+ 3c? - -] (93]
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Since we are interested here in temperature-density effects, we can take ‘moments’ of Eqn. (1) to
obtain equations dependent only on x; and ¢,;. Thus we let

0

¥(x,,c1) =n12 J j e—(t§+€§)h(x1,cl’c2,ca) dc, dc, (3a)

- @

and

Wyxy, ) =n" 12 f J- e G D h(x,, ¢y, €5, c3)(cE + ¢ — 1) dc, dc, (3b)

-
so that the density perturbation

AN(xy) = a2 jh(xxscl, Cz,ca)e_cz d’c 4

and the temperature perturbation

AT(xy) = 3n™3? J‘h(xu ¢y, €2, c3)( —3) e d 5)
can be expressed as
1 )
AN(x) =— J. ¥, (x, e " dyu (6)
T -
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and

2 0
AT(x) = In f [ — D¥1(x, ) + Faolx, W] e dp, M

where we have used x for x, and u for ¢, . If now we integrate Eqn. (1) from — oo to oo over both
¢, and c; and then multiply Eqn. (1) by (¢ + ¢2 — 1) and integrate similarly, we find that the
resulting two coupled equations can be written as

0
po- W0 ) + ¥, M) =— f [QWQ®) + 2upu'PT¥(x, w) e~ dyt, )

Jn

where ¥(x, p) is a two-vector with elements ¥, (x, u) and W¥,(x, u),

@ - 1 10
Qp) = @ 0 and P= ol )
We note that we can deduce from Eqn. (8) that PJ,(x), where
Ji(x) = f pe ** W(x, p) dy, (10)

is a constant and thus this term can effectively be removed [2] from the equation to give the
equation studied by Kriese, Chang and Siewert [3] in a paper hereafter referred to as KCS.

2. Half-Space Problems

We note that the elementary solutions of Eqn. (8) and the required half-range completeness
and orthogonality theorems concerning the elementary solutions have been reported in KCS.
Here we wish simply to review those results expressed in a slightly improved form.

As reported by KCS, a general solution of Eqn. (8) can be written as

2 4 2 ©
Y, )= 2 AF )+ LAY 00+ X AF(, 1) e dy, (1)
a=1 a=3 —w
where
1 0
Fi(u) = Q(m‘o\, Fy(p) = Q(#)(l , (12a)
Wix, 1) = (u — OF; () and  Wa(x, @) = (1 — NF(), (12b)
and
1 P
F(np) = — [n(——) + 22(n) 8(n — u)]Q(u)Ma(n)- - (13)
VEL \n—u
Here
[A(n) — A* ()Y IM(n) = 0, (14)
@ d,
M) =1+ nP f W) — (15)
—w n—n
1
¥(n) = — QuQUp e, (16)
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and the dispersion matrix is
@ du
A@@)=1+:z ¥(u) .
. nw—z
If we use the continuum expansion coefficients to define a vector
A(m) = A (MM, (1) + A,())M,(n)

and let

A+=\/n

43
and A_ = \/n 4

E]

A,
A2 4
then we can express the general solution of Eqn. (8) as

=]

W040=¢MM++0r~ﬂ¢wm_+f @1, WA) e dn,

where
1

D) = N

Q)

and

1 P
O, p) = N ﬂ(r_‘;)Q(ﬂ) +0(n — w) e” Q7 ().

533

an

(18)

(19)

20

@D

(22)

In KCS a half-range expansion theorem was proved, and thus we can state here that the

equation

o

() =O(wA , +J O(n, WA dn, pe0, ),

0

23

has a solution for all Hélder continuous functions I(y). Also in KCS a half-range orthogonality

theorem was deduced; this allows us to write

oo
O, wowe ™ pdu=0, 7 >0,
Jo
* o
001, W®(, we " pdu =N d(n —n), n',n>0,
vo
*oo
B()®(, pye > pdu =0, n>0,
JO
and

'[ 0(w®p)e " pdu=N,.
0

Here the adjoint matrices are

807, ) =B, Q™ ' (WH*(AWQ(W)

(24a)

(24b)

(24¢)

(24d)

(25a)
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and
8(w) = =~ "*AWQW), (25b)
where H(y) is the unique solution {3] of
o) . dr'
H(y) =1+ yH(p) j Hn¥(n) ——, uel0, o), (26a2)
) n+tu
and
J H(u)¥ () dp = 1. (26b)
0
In addition, the normalization vectors are given by
N() = =~ P2q[Mm)¥ ™ M) + 220> ¥ ()] (27a)
and
N, =z 12 f H()¥ () dp. (27b)
0

To complete our review, we note that a typical half-space problem can be solved concisely in
terms of the established formalism. For example, we can write a solution of Eqn. (8) that is
bounded at infinity and satisfies the free-surface condition

YO, §) = ¥, 0, ), 28)
as

¥, 1) =BA, + f: ®(r, 1A e di, (29)
where

A, =N7! f " )W) e (30a)
and 0

Al =N f: B0, 10 ) € (30b)

If we set x = 0 in Eqn. (29) and consider only negative u, then we can write

K

YO, —p) =B(—wA. + j @, —wAMmdy, p>0 3D

0

Upon substituting Eqns. (30) into Eqn. (31), we find that the integration over # can be
performed analytically to yield the concise surface result

YO0, —p) = j Ry - ¥, (u)ady', pn>0, (32
1]

where

R(Y - p) = (m) 172 #“—J QUOH(W A Q) e+, o (33)
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Abstract

The elementary solutions and the half-range completeness and orthogonality theorems concerning the
linearized Boltzmann equation are discussed.

Zusammenfassung

Die elementaren Lésungen und die halbraumigen Vollstandigkeits- und Orthogonalititstheoreme die
linearen Boltzmann-Gleichungen betreffend, werden diskutiert.
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